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Universal Abstract Consistency Class
and Universal Unifying Principle*
Wang Bingshan Li zhoujun
(Department of Computer, NUDT, Changsha, 410073)

Abstract Consistency is one of the most fundamental syntactic concepts in mathematical logic.
By treating consistency in an abstract way, Smullyan presented abstract consistency class, and proved
the socalled Smullyan's unifying principle. In this paper, considering various properties possessed by
the class of consistent sets of wffs in first-order logic system, we generalize the concept of abstract
consistency class into the most general form— universal abstract consistency class, and further prove
its universal unifying principle. T his result can be used to prove the completeness theorems of first-or—
der logic system and the universal refutation method proposed by us.
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The study of the interplay betw een syntax and semantics is fundamental to the study of logic sys—
tems. The syntactic concept — of derivability corresponds to the semantic concept = of consequence.
As a syntactic counterpart of saiisf iability, consistency is one of the most fundamental concepts in
mathematical logic. To prove theorem:

E ach consistent set I'  of sentences has a model
in first-erder logic system, based on the consistency of I', we usually build our model ( called the

]
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canonical model) out of syntactical materials' . By abstractly considering various properties pos—

sessed by the class of consistent sets of sentences, Smullyan proposed a concept of abstract consistency
class, and proved the so-alled Smullyan's unifying principle!™*. Smullyan’s unifying principle is a
generalization of the above theorem, which can yield a variety of important metatheorems. For exam-—
ple, the completeness theorems of the first-order logic system, the semantic tableau method or the , 99
ref utation method can be proved by means of Smullyan's unifying principle through constructing their
abstract consistency classes respectively[s].

In this paper, by considering various properties possessed by the class of consistent sets of wifs in
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first-order logic system, we generalize the concept of the abstract consistency class into the most gen—

eral form universal abstract consistency class, and further prove its universal unif ying principle.
This result can be used to prove the completeness theorems of first-order logic system and the univ er—

sal ref utation method"” proposed by us.

1 Universal Abstract Consistency Class

First we introduce some terminologies and notations. The rest follows[ 5]. For each set X, let &
(X) the power set of X, and # X the cardinality of X. N denotes the natural number set.

Lemma 1. If X be an infinite set, then there exist two subsets X', X "of X such that X = X'
X" X'nX"= = and# X'= # X = # X"

Let ,% be a first-order logic system. Its connectives are  and , its quantifier is V, while the

l

rest connectives and quantifiers are just abbreviations. There are no variables except individual vari—
ables in (%% Thus all predicate and function symbols are constants. Assume that there are arbitrarily
many function constants and predicate constants (at least one predicate constants) in % For each n

N, Funct(n) denotes the set of n—arity function constants in %, and Pred(n) the set of n—arity
predicate constants in |72,

Y is the alphabet of (%, andVar is the countably infinite set of individual variables of ,77. Termis
the set of terms of (77, A ) is the set of wifs of .77 O means empty disjunction. Let :%(%’ =
A {(O). Weregardd O and O A as abbreviations for A. Obviously, O is unsatisfiable.

An interpretation = < & Of> of F consists of a non-empty set &Jand a mapping 6. A func-
tion0: Var - is called an assignment in &/ L7 denotes the set of assignments in &/ For each ¢
Term and A A 9, we use L‘Jit) (0) and AA)(0) to represent their semantic values respectively.

Definition 1. Assume that I’ & :'%)%',A D%% and y1, ,yi(k= 0) are all free variables
which occur in = VxA. If y1, ,yihave no bound occurrences in A and there is a k—arity function con—
stant g of Lg/7which does not occurin ' {A}, then g(y1, ,y#) is called aSkolem term of  VxA
with respect to ', where g is the corresponding S kolem f unctor.

Clearly, g(y1, ,y#) is free (substitutable) forx inA, hence - Setr, pA D VxA.

Definition 2. Assume that A :%%v, x 1s a bound variable of A and y does not occur in4.
K;A denotes the result gained by renaming designated bound occurrences of ¥ with ¥ in 4.

Obviously, — K/A = A.

Definition 3.  Assume thatT € A 5.

(1) We say that there are enough f unction constants in G, iff for eachn N, Funct(n) is infinite.

(2) We say that there are the most f unction constants in % iff for each n  N,# Funct(n) =
# Funct(0) = # Var and # Funct(0) = # Pred(n).

(3) We say that T is suf f iciently pure in (%, iff for eachn N, there are# A ) n-arity func-
tion constants of JZ which do not occur in T'.

Lemma 2.  If there are the most function constants in % and I’ € :%% is a finite set, thenD
is sufficiently pure in F.

Definition 4. Let 7/ R AD).

(1) Fs closed under subsets iff whenT  FfandT'S T, then T'  GF

(2) Fisof finite character iff for each T, T J/iff every finite subset of T is a member of | 74

Obviously, if , 7/ A :%%) is of finite character, then ,7/is closed under subsets.

The concept of universal abstract consistency class is given as follows.

Definition 5.  If /& L@j%%) satisfies:

(1) . Fis closed under subsets:
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(2) Assume T FandA,B A7), then
a) OSF;
b) If A is an atomic formula, then A € Tor A €T
c) fA T, xis abound variable of A and individual variable y does not occur in A, then T’
(KAY T
d) If A T,thenl {A} H
e)IfA B T.theD ({4}  ForT (B}
f)If (A B) Tthenl' { A, BY FH
g) If VoA T andtermtis free forx inA, thenT  {SIA}) 4
h) If VxA I andg(y1, ,y#)is a Skolem term of VA with respect to ', then T’
(S 0d) T
then we say that . 7/is a universal abstract consistency class of | G.
According to Definition 5, we can conclude that
(1) Obviously, both & and {&} are universal abstract consistency classes of % neither
R A P)) nor %:%LJ/)T) is a universal abstract consistency class of 7%
(2) If . Z/is a universal abstract consistency class of (%, then ®  Fand (O} € 4
(3) If | Jis a universal abstract consistency class of ZandT 7/ thend S T.
Proposition 1.  Let 74= (T < %% T is consistent} , then , 74 is a unviersal abstract consis—
tency class of [ 7.
It is by means of various properties of , 74 that we propose the universal abstract consistency
class.
Lemma 3. Assume that ,7/is a unviersal abstract consistency class of % Let
= {T'¢<c Ng/% if T € I'"is afinite set, thenT 74
Then . 7 7/ and 7/ s a unviersal abstract consistency class of finite character.

2 Universal Unifying Principle

In order to prove the universal unifying principle for the universal abstract consistency class, we
introduce two important lemmas here.

Lemmad4. Assumethat 74 (ﬁ:%j%v) is a universal abstract consistency class of finite char—
acter and ®tis a limit ordinal. If {T': S %% E< o S  Ffhatisies:

I'nc T'i c I'ec , &< K
then . o(l"g N/
Proof. It is obvious since , 7/is closed under subsets and of finite character. O

Lemma 5. Assume that ,7/is a universal abstract consistency class of .7 which is of finite char—
acter andT /U T # = is sufficiently pure in ,%, then thereisI"  F#/which satisfies:

HTrer’

2) T s sufficiently pure in 5%

3) 1A A andT (A} T4 thend T

Proof. See [7] for details. O

Theorem 1 (U niversal Unifying Principle). Assume that ,7/is a universal abstract consistency
cass of JZ. fT /is sufficiently pure in J7, then T is satisfiable.

Proof. The theorem is trivial if I is empty, so we may assume ' # = .  J/can be further sup-
posed to be of finite character by Lemma 3. Since I is sufficiently pure in .% it follows from Lemma
5 that there exists T Hsatistying the conditions 1), 2) and 3).

Let =< O] %> ando L7 defined as follows:
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(1) Let &= Term, i. e. Domain &is the term set of | 7;

(2) Iff is an-arity function constant, then A(f): &) — Gls defined as follows:
) (0, o) = f(o, w), 0, o

If P is an—-arity predicate constant, then n-arity predicate J6(P) on /jis defined as follows:

(P (t1, )= true iff P(u, .t T, t1, o I

(3) Assignment 0: Var — s defined by
o(x) = x, x Var

To prove &and 0satisfying I, we need only prove the following statement by structural induction:

IfE T, then AE)(0) = true.

We consider the following cases:

(1) E is an atomic formula, obviously AE)(0) = true.

(2) Suppose E. T and E= A.

(a) A is an atomic formula. SinceI'" Zand A T, we haved € T" . Thus AA4) (0)
= false, therefore AE)(0) = A A)(0) = true.

(b) A = B. Then B T ,sol" (B} J soB T . Thus AB)(0) = true
by inductive hypothesis, hence AE) (0) = true.

(gA=B C.Then (B C€) T ,sol' { B, € . ThusT | B)

Fand r {  C)  Hsince Ffis closed under subsets, so B I' and C T . Hence

A B)(0) = true= A C)(0) by inductive hypothesis, so A  E)(0)= A (B C))(0) =
irue. (d) A= VaB. Then VaB T . Letxi, ,xnu(m= 0) be all bound variables occurred
in B. Since Var is countably infinite, then there exist m distinct individual variables z1, ,zm»which do
not occur in  VxB. Wetake each bound occurrence of x1, ,x»in B as designated bound occurrence,
and let 0= K} Kin, then®( VaB)= Vx0(B) (note that even for somei( 1< i < m) such that
xi = x, we do not rename the non-designated bound occurrences of x in the most outer level of
VxB). ThusT"  { VaO(B)} Fso Va®B) T . Lety, ,yik= 0)beall freevariables
occurred in Vx@B), then yi, ,ykzi, ,zmare distinct each other, and none of y1, ,y+ has a
bound occurrence in O(B) . Since ' is sufficiently pure, then there is a k—arity function constant g
which does not occur in ' {6 B)}. Henceg(yi, ,y#)is aSkolem term of Vx0(B) with respect
to T, then T~ { S, -,0(B)) . so Sitvr 0 8(B) T . Therefore A
Sity,. vp8(B))(0) = true by inductive hypothesis. Since Ag(y1, ,y1))(0) = g(y1, .y)and - B
= B(B), we have

A B)(olxlg(yr, .y D)= A OB))(ox! Ae(yi, y))(O]) = A S, 2)80B)) (0)
= lrue
Then (B) (0o[x/g(y1, .yi)])= false, so AVxB)(0) = false, so AE)(0) = true.

(3) Suppose E I' andE= A B.

SinceA B T, thenT" (A} ForT (B} F ThusA T o B T , hence
AA)(0) = true or AB)(0) = true by inductive hypothesis. Hence AE)(0) = AA  B)(0) =
true.(4) Suppose E. T" and E = VxA.

For any t @ thent Term and {qt)(()j = t. Letx1, ,xm(m= 0) be all bound variables oc—
curred in A. Since Var is countably infinite, then there are m distince individual variables y1, ,ym
which differ from x and do not occurred in A or i. We take every bound occurrence of x1, ,xminA as
designated bound occurrence, and let 8= K31 Ki», then 8(VxA) = Vx6(A) and tis free for x in
B(A). Since VA T andT" Z/ thenT ™ (Vx@QA)} T/ so VxB8A) T, thus SO(A)

r. By inductive hypothesis we have _7975?9(/1))(0) = true. Since — A= @A), then

TAY(otali]) = FOAY) (olx) T (0)]) = TASBA))(0) = true.
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Because of the arbitrariness of ¢, we conclude that AE)(0) = AVxA)(0) = true. O

Corollary 1.  Assume that there are most function constants in ,% and , 7/is a universal abstract
consistency class of (77 f T Z/is a finite set, thenT is satisfiable.

Proof. It follows from Lemma 2 and Theorem 1 directly. O

It must be pointed out that

1) The purity condition for I' in the universal unifying principle is really necessary, otherwise I'
may not be satisfiable. For example, suppose that thereis only one individual constant ¢ and one 3-ari-
ty predicate constant Pin (/7. LetT'= { Vx(P(x,y,c) P(x,y,c))} and Z/= {= ,T}. Clearly
_His a universal abstract consistent class of (7. ButI'  Z/s not sufficiently pure in .77 andT is un-
satisfiable.

2) If . FH/is a universal abstract consistency class of % and .77 is an extension of .77 obtained by
adding new constants to 47 then  7Z/may not be a universal abstract consistency class of 77, and
further there may not exist a universal abstract consistency class .72 of . such that . H& 7/ For
example, it is the case when " is an extension of .7 obtained by adding a new l-arity function con-
stant &.

3) For application of the universal unifying principle to a concrete problem, one can always as—
sume that the purity condition holds for I'. Otherwise, one can discuss the problem in an extension
T of F. For example, to prove the following proposition:

Proposition 2.  Each consistent subset I' of A 77) is satisfiable.
we can obtain an extension .77 of (7 by adding # (.9 n—-arity new function constants for each n

N. ThenT & A ) is sufficiently pure in .77 , and T is also consistent. Let

=" < j%?) ' is consistent}

_Fis a universal abstract consistency class of 77" by Proposition ], andT" 7/ HenceT is satisfiable
by the universal unifying principle.

Proposition 2 is the first form of completeness theorem of first-order logic system. T he second

form of completeness theorem can follow from it directly:

Proposition 3.  Assume thatl' € A %) andA A HA). T = A, thenT - A.
3 Conclusion

Based on the concept of the abstract consistent class, we have proposed the concept of the univer—
sal abstract consistency class and proved its universal unifying principle. Universal unifying principle
is a powerful logic tool for wide applications. By using it, the completeness theorems of the first-order

logic system and the universal refutation method'” proposed by us can by proved.
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