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The Existence and Stability of the Almost Periodic Solutions
of the Higher Dimensional NFDE with Infinite Delay
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Abstract: The authors investigate the almost periodic solution of neutral functional equation with infinite delay of the

following

(%[x(”_ fmq(s)x(t+ s)ds] = A(t,x)x(t)+ f(t, )

Some results on the existence and uniqueness of almost periodic solutions are obtained by use of Cj space, matrix measure and
Krasnoselskif s fixed theorem. Especially, when ¢(s) is zero marix, we derive sufficient conditions for the existence of a
unique and uniformly stable almost periodic solution, which generalizes severa results in references [1 ~ 5].
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aomod(f)= (W B= Ymd Y€ AV NNy R R
P | P [Zﬁ] %, A ll = [ZaZJ] %, R™" P2l uca) =
Amax[%(A + AT)] s Amax[ A ] A , A€AP ., WA)€AP R =
(- ©0/,BC= {®l ¢€ C(R,R"), | %s)I .s €ER) h€C(R,R),h(s) >0 =
fwh(S)dSH o =1 1= l‘lfwh(s)ds), ®EBRC, | Pn= fwh(s)l @11+ g,
@1 = max | 90)1, 1 Sia BC (BC,| SIn) BCh, BCi Banach
W C=f(ulwu€C(R,R"), u€AP), w€C llull=spplu(e)l; Ci={ulu€C(R,
R”),u/ EAP,uEAP}, u€CyL llulli= llull+ 1E%% I, C, C Banach
¥ ()= A(t)x(1) (2)
¥ (1) = A(t)x(t)+ g(t) (3)
,x €ER"A(t) nxn LA, g € AP

1Y X(t, to) (2) X(to,to) = I ,
X(t,DX(Ts)= X(t,s), Vit,s,TER

ex;{J.:— /- A(r)]dr} SUX(t,s) | <exp{£p[A(r)]dr}

2 (3), WA(t)] Salt), a(t) AP M(a)< 0, (3
x(t),
x(t) = LmX(t.s)g(s)ds, mod(x) C mod(A,f)
(1) (2) 1 M(a)< 0 %(t)=0,t € R, (2)
®1) =01 E€ER x(t)= ‘EOOX(t.s)g(s)ds (3)
I x(t) | <.[too||X(t,s)g Ilds <g_[oo||X(t,s) Il ds <g[wexp|:£a(r)dr] ds
x(t) (3) : (3) /ey A(t), g(1)
, d,f, acd,BchB
Taws(A)= Tq® Ts(A)
Taro(f) = Ta® Te(f)

y= Tws(x),z= Ta® Ts(x) R , ¥,z , oy =z,
Tab(x)= Ta®Ts(x), x(t) Ta(A)= A, Ta(f)=f, (3) Ta(x)
= x, mod(x) C mod(A,f), 2
yeu {fa( 1)} S EAP, mod(fu) Cmod(f)(n= 12 ), (fa(t)}
R fer), {fa(t)) R fer)
4y u € C,u, BCy t
5 N,O> 0, M= {u€Cil llull <N, Il 1| <1y, f(t, w) t
M
2

1 alt), (t.,x) ER*xR", (HiyWA(t, x)) <a(t),
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M(a)< 0;(H») N> 0, ]%+ gL < (1= ¢)D! ; L= e AL ) 11D
= P, L f(t, ®)I,q= J‘ijq(s) llds< 1,D = [sgg.rwexp[.';ta(r)dr]ds, (1)
xl(t), g=0 , mod(x) Cmod(A,f) , a(t) @
(1) ®
u €Cy,
¥ (1) = Alt,u(t)]x(t) (4)
A ()= Aft,u(t)]x(t)+ f(t, )+ fooq(s)u/(t+ s)ds (5)

2y (5
i = | xnolroros [ acon e ear]
, Xu(t,s) (4) ci G F, G H,I]:
(R0 = [ Xt )f (5 uds

3

G = [ xutes)[ oo (re sdrds

(Hu)(t) = (Gu)(t) - '[)ooq(r)u(r+ t)dr

I=H+ F
(Ju)(t)= fooq(r)u(r+ t)dr
I+ J=F+ G (H2) M> (1- g- ¢LD) '(LDb+ b)> 0, S= {ul
w€cCy, Null <N, I I <My S K rasnoselskii o1 s 1
u,v €S, Iu+ Jv €85; @y R(L) S

u, v €8,
| (Fu)(t) | <[m WXu(e, s) W1 f(s,us)l ds <£wexp[£a(r)dr] | f(s,us) | ds < Db (6)

| (Hu)(t) |= ‘.rooXu(l,s)A[s, u(s)][qu(r)u(r+ s)dr] ds

(H2) (6) (7)
L (Tu)(t)+ (Ju)(t) | S<I(Hu)(t) 1+ 1 (Fu)(t) 1+ 1 (Ju)(t) | < gNLD+ Db+ gN < N

< ¢DNL (7)

W Tu+ Jo Il <N

S (Fu)(1)] = ALt u(0](Fu)(t)+ f(1, u)

(%[(Fu)(t)]‘ SUWA[t u(e)] W (Fu)(e) 1+ f(t.u)) SLDb+ b (8)
(3).

Lty | < Lapm

. (9)
\d—t[(fu)(w \ SqM

M (8) (9)
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‘C%[(Iu)(t)]+ (%[(]u)(t)] SLDb+ b+ LDMg+ qM < M

Il 1u + ]v/ ||<M, 0< g+ DLg< 1 , u,v € S, Iu+ Jv €8 I(S) C
S, J(S)cS, S !
@ W™ (H2), 4 5 Krasnoselskii I+ J S
(1) x(1)

2 ,mod[x(t)— fooq(s)x(t+ s)ds] Cmod(A,f), ¢q=0 , mod(x) Cmod(A4,
1) 1

' 2q(s)= 0 : [5]
2 (Hy)WA(Lx)] < 6< 0,8 :(Ha) N> 0, ]%<
5, b , (1) x(t), mod(x) C mod(A,f)
a(t)=- 8, D= &1, 2 1
1 2 [5] ®
3 : (t,x) ERxR", (Hs) ENi> 0, HWA(t«x))
< 8 WWA(t,x) Il SNy;(Hg) I(t),
Lf(t, @)= f(t, )| SIUt)| Y= P14, @, ¢ € BC,
I+ gNi< (1- q) 6§, ,l=§g?| I(e)l, (1) x(t), g=0
mod(x) C mod(A,f)
: (Hs) PEBCH | f(t,®) = f(,0)ISI(t)] Pla, | f(t,91<
L(t)] ®lu+1 f(t,0)1,
T e o V(€)1 Ssppl 1(1) 1= 1
0< €< (1- ¢q) 6= gN1- 1, N > 0, N£<l+ g ]%+qN1<(1— q) 6,
1 (H>)
x(t),y(t) (1 , llx — g I Z0,
x(t)= (Fx)(t)+ (Gx)(1)
y(t)= (Fy)(t)+ (Gy)(1)
o= y Il S5t g+ Vi = y Il (Ho) . l+ q+ SaVi< L [PE
o -y I, ! llx(t)= y(t) Il =0, x(t)= y(t) 1
3
x(t)= Alt,x(t)]x(t)+ f(t,xt) (10)
4 (Hs) . (H7) K> 1
(0 9= f(1 @)1 < Ja( )] €= @1y
(10) x(t), mod(x) C mod(A,[)
3, (10) w(t) €> 0,0 20 ®€BC, N=
Z; ;E I P w ln < Ma(tsto, @) (to, ®) ,ox, = @

x(t) = X(t,to) P(0)+ jOX(t,s)f(s,xs)ds

u(t) = X(t,to0)u(to) + JOX(t, s)f (s, us)ds
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.t 2o, | x(t)— u(t) < € ) 0> to, lx(t)- u(t)l< &t € [,
t1), |x(t1)— u(t1)|= €

€=l x(ti)— u(ty) | <N- %Ji:exp[.[tla(r)dr]a(s) | x5— us lnds

lxm whn < sup 1ox(0) = u(e) 1+ 2|e = [, <er 271 < <y
0\ XS

1 E+ 1
€ ST+ J7(8+ 2T) = | 3E< €

! u(t) 1 mod(x ) C mod( 4,
/) 4

d%[x(t) + fwexp(ZOs) x(t+ S)ds]

= |:— %+ %sint+ %sin(ﬁat}] x(t)+ .[wexp[S(s— t)] | cost | x(s)ds+ p(t) (11)

p(t) = %cost+ @Siﬂt_ %sin2t+ l ngt l (cost — 8sint )
1,11 1

a 3 . A(Lx)=- S+ gsint+ Ssm(ﬁat),l(t)— o

1 _ 1 1 _ 3
| cost !, l= 3’ 6= 4,q—20,N1— 1 , I+ gNi1< (1-¢q)§

3 , a= 0 , (11) 2n rx(t) = sint
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