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Analytical solution for free flight trajectory considering
earth non-spherical gravitation perturbation

CHANG Xiaohua
( Beijing Institute of Astronautical System Engineering, Beijing 100076, China)

Abstract; In order to solve the fast calculation of the free trajectory considering the effects of the earth non-spherical gravitation, the
differential equations of motion under the earth gravitation including the J,-perturbation were established in the non-orthogonal coordinate system,
and the differential equations of motion under disturbing gravity were established in the orbital coordinate system. The acceleration of upward
disturbing gravity was equivalent to the mass deviation of the earth, and introduced into the standard elliptical orbit. The differential equations
under J, -perturbation were modified, and the parameters of the position and velocity were calculated under the analytical solution. The simulation
results show that the analytic solution has a higher efficiency, and the position error of impact point is within 20 meters. The analytic solution
satisfies the requirement of the real-time guidance and orbit forecast.

Key words: J,-perturbation; disturbing gravity; analytical solution; ballistic vehicle

SRIE AT Az 3hal 7o BB | i BOA i z ( a)

FEABE, oA ) phy Bt 5 R AR AT ] 4
1) 80% ~90% "', [ ph Bt QAT BHIE 14 bR RS
T 2 L T G AT A O Ve R T S R L
e

X TR E KT AT, A i BLE s R %
JEMERT | F11E T, EL5| 157 eR B K i - 4y
i, BRI PR B e ik

_ SN ARG
V= r[l + z 2(?) (C,, cosmA +

gnmsinm/\ ) Pm ( sind)) ] (1)
ISP
S LED) (%)n],j?n(sind)) *

«  UgFS EHEA:2017 -05 - 13
E&WH: HFHERLERIIA (613222)

(Cycosmi + S, sinmh )P, (sind) ]

(2)
Hrw =M, f RITA 5 T HEM N R B
a, JHWERIRIE T YA% r 0B ¢ R A it
DHEMASE;C,,, S, N5E AT IR
B P, (sing) ALK AL B LETEPERE R B, m o
LTS R BT IR
TEIERESAIE AT & SfE T, EH 51 1L
5 XA BRAN T, TSN R20 , H5 9P ek
SUIMZER K51 W, Bk BRI
SIHEE T T, BEEshg | A shg .
Xt A o Bs sl [ A b B R f 5T
T RER T TR P, WS

TEE B W A (1982—) 5 idbE M, 2 T R20T , i+, E-mail ;: changxh1982@ 126. com



54 1)

AR B B HUERARBRIE 5| 3 BRI 1 1 by B E A - 81

UL A 100 bR A5 25 1) 4% 3l 1) ok 3 B
B ST

A, X T3] ot B BE AT i 5
FORIFST , 5 ISP 30 | 0 A G A ke
PERETFL T X ShE I R A Bt
FRPAE A P AR T 55 B AR, AR BUIR,
S LT A AR 3 S S A 30 00 45 588 Szt I P

AL HIE AT A B OB BB ) AR
K AR T R g T, TE 51 mkshs1
L ERAE BRI 51 J7 45 Sh R wi R Y 1 el B E
RU B i 582 07 3, I o BUE A BN
PEATHRAIE
1 ihEkIEBKAL S| S niEE

A% EHIH AT AR ) B i, MR AEERIE 51 77
5 A A B AL T, TR B L A 5| g
TS5 s
L1 J, Gugshs| himiE e

W T J, WS, Bk G | s g

BT IR o A HBERS T g PO AEHL IR
e r PR A o, J71 A

g=gr' +¢,.0,
oM L3 (9 ) s
g = r2[1+2]2(r)(1 SSmd))] (3)
2
—3ﬂ—‘24]2($) sind
r r

APOL, T, SN 5 1R 15| I -

6= =5 (% )(1 ~Ssin’h) .

Zoety = 3fM]2( ) sing

1.2 5 HmEE

HHFEAL R AR AL bR R N SR s R E 30 51 )
I A

JERAAIRR Oy = wyyyay: BFRIAL Oy
SIE CATEITAEZS ML E  yy b5 SRR 4 i
AR (5T — B, oy FRMAERE S vy TH 2y
R AR B oy o W T HALIRR

FEAL R AR A AR 2R N, 351 0 in s B 1y B
PR ERAR Y

N

dP, (si
S sinmA) mé;)md’)
g, = &Z(n+l)( )Z(C cosmA +
S, sinmA ) P, (sing)
_ 1 }L a,\" . Ak a
8g, = cosp 1 25 (?) mzz‘om(cnmsmm/\

S,,cosmA) P, (sing)
(5)
Hop N O ERIE R B B, HA
_ 0 n=2,m=0
cr ={
" {C HAbAETE

A= (5) AT, AT 3ROSR BOT 5 B il BT
SOk R WD) B YE- 7 e B = 20 NS £t = 0 =
HIB 3l 51 ) 3T 3R R, AR A R oo &
PEE
2 BHUTAE

W T T, Tk G R A 51 i B, ik
S| I FE AN, HOX B B aE ) 52 i 2 B
AT TR S . R, O T SR
BT, Wk A shG| J BIs2 e, o3 e I
SEAE IR ZR FNILIE AL AR 2R ST SR IE AT AR IS S
3T
2.1 ERJ, BURIIHEHHS H1E

FEXI25 IE T, Wi s ks ), fEAEIEAS
AEBRZR N 3BT IIE TRAT &R Y52 T, T EE ST AR N 1Y)
BN TR

B LR, K ok A BGE SR G A e T vy
A R R AN X R T B, i NI R LG
A s r A i B A — S 7 R A (B R
AIHCRAR) 5 78 SCHHARI AR RUOE & R B r (X
JE R v JITRG B I ST T R 0 03 P I e 2 )
BB 51t K S ER T4 () A

JEIESCHBRR O, —x,y,2, : ABFRIEA O, H A
H1 Beizs sl 4h m, o BORT y, b e W) 4 U - T
Wy, S5 rg S o, BT y, B HISm23)
Jile),z S - w, 710 —E IR RN, P
RIALE R 5 r AT LARIR S ry Fl 2, IR &,
Ho,ry S i Pz, SN Py F oy 35000 7
Mlr, PO re 2 v, B3O Bo

TEARIE S AL R 22 N 7 5 IE AT vis By
L iR



$82- [ B B 4k % o i

55 40 &

dzn 1
d7820 + 770 = ?

F

dﬁz +{ =3/, p"]o (B)

ﬁl _L i az 2 _ 2

G o= )+ haimi[1-5E (8) 1]

M =m +0n
di_ 1
dB8  hn’
(6)
hz
Heroh = lroxvgl,p YA Vr38 =z2./r;

E(B) =sindcosB + cossinBeosay o
AP, 2(6) HES 2 55 3 1 NE D J, T
51 I

K1 ARIESS AR AR R L AR

Fig.1 Geometrical relationship of

non-orthogonal coordinate system

2.2 #EEIASIENESMNSFE

Peahn) 1 k2 w4, R /N ) e F
SE RATER T AL A [ B AARE AL M it Bh
S| J3%F A H B L s, SR FH 28 B T SRS L 7
HUIE AL bR R NS R B 51 ) 51 198 Z o
T,

HUEARPRR 0y — x0yozo: ARE S Oy H A
BT BN IS B IR A, A AR AU R o R 48 %)
TR RE R S B 2 T T R I T e AR BB
TN AR [EIB B 5 10,y o 5 25 10 & 5% i 5 ] —
B,z W15 xo Bl oy, WA RLE T EHAM IR R

ARIEAC K AR A b 28 I BLIE A 3 2R A 2 SCT
153, JERIR AT R BB AL AR R IR T =
M, [ag ], PR 15 ) 1 Jin s J e 60 T A A 3R Y
o4 -

08, 08,
58,, | =14 o, (7)
5g20 08,

Pzl | 1 B oy i og, 5 AT AT B

A RAR T 0] —30, MG T A 51 e, v EBoR
NI EARZE SM SR InEEE , B .

52, =~V (8)

ry

LEI, BUEF 1 A3 Bl 7R G 5| AR 5
M =M+ M PR IR B BUIE, R 7
FEN -

10 :? (9)
Kr,p' = h ; =mo
X TG T35 5 8g,, M bg., , 73 A AL
TE VT N« BT 1) (0432 3 A 2 BT 30E P
T 2o W7 132 3l , 78 A B BT BoN R B S5
W HZB g, K i s
ov,, =688,

8”""() = 8gz()
08, =0,

‘0

(10)

0s,, =ov,,

2.3 EEMIRAERT AWEDHS HE

2 (6) (9 ) AT, 4t 303 e 43
g, % L3832 30 0 0, 4530 — 2 B % 16
5 UES0E S, SaR(6) () A (10)
AT, MR BRIE 31 ) 135 S T AL
Emo L
d782 0 p/
j—; +£ =30, T E ()
o= {3 + Shainil1 SE ()]
N =m0 +0n
dt 1

B hy
5ax() = 6g-t()

oa. =8g.,
(11)



54 1)

AR B B HUERARBRIE 5| 3 BRI 1 1 by B E A " 83

T S TERE AR, (1) AR Jr R R AEA
Rl AR R N5 1

3 BEEMSTERRE

XA (11) WG 13 B 12 sh i o Jr
R -

1
=—(1 —ecos 12
T’() pr( g) ( )

U ce S B o B IR 4 R 5T B M A T B [T 60
TEICo238 5 & DA a2 ) P91 G b A 2 21 i A1
ORI TR IE
TEARIESZ AR RN, H I8 T, B sh 5 2Rz
By 7 R AR
{=J,Lo(§) —asing b, cos¢]
(13)

om :;:[ D(¢) - a;,sing — blncos‘f]

), =1.50,a0/07 50 (&) Lay, b, @ (&) a,
by, RS R A A i, AR R AR T B %
SCHRL6] .

Ha(12) (2N (13) Bf G P A5 0 4
o FRJE Ay HULCEE rp LS 200 7R AL R AR A
FRER ISR v) o 5 0 po

TEMIE AR RN T o B007 10 RV 2, 07
[i] (4938 B85 7 RE AN -

ov,, =0g,, * At
o, =6g., * Al
1 2 14
55, = 502, * At (14)
— L A 2
8520 ) agzo - at

X, A O B HBUY BE AT ]
4 MUCRIRRABESHITE

T BRI, 2 B ERARERIE 51 111
18 B T RE A R AN TR AL R 2R N 45 H Y R
TEHL AR B 2R AT S AT A 07 240 0o il
JEo TEATH R K 2 Py AT IE S &
N H B BT — 0 BL Py AR HERG 5 HaE
(EE P rNHIE T, TS B

HDAHEBR AR Oy = wyypze : UL Op LT M0,
g BHTE DR TE P A7 PN 455 1) 4 bR JE I K S0 B BT 1
PRz T T R B T AU, v BT g
Bz BEORE T EAARPR R . HUDARPRR AL
RARAEBR A B AR R B LTSGR ILIAL 2,
4.1 HEItEHE

K S503E A bR 2R 2 0 A B ARG B 4 SR

B2 oAb R SILRARBIRR
BLBAR R ILATR A
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north-air-east and non-orthogonal coordinate system
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