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A D isc u ss io n o f th e S a d d le Po in t A lg o r ith m fo r

L a r g e S c a le L P P r o b le m s
‘

S h a n g Y i Z h a n g G u o g u a n g C he n g M
e n g jin

(S he n ya n g In
s t it u t e o f C h e m ie a l T e eh n o lo g y )

A 加t r a e t

T h is p a p e r d is e u s se s a n e x t r e m e ly r a p id a lg o rith m fo r lin ea r p r o g r a m m in g w h ie h 15

b a s e d u p o n th e d ir e e t a p p r o a e h t o rh e s a d d le p o in t o f th e L a g r a n g ea n
.

T he a lg o rit hm a p p e a r s

p a r tie u la rly w e ll s u ite d fo r p r o b le m s o f h ig h d irn e n s io n s a n d w ith a s ig n ifiea n t n u rn b e r s o f

n o n z e r o e le m e n t s
.

K e y w o r d s lin ea r p r o g r a m m in g ; la r g e s e a le p r o b le m s ; s a dd le p o in t a lg o r ith rn

P r e f8 C e

T he a u t h o r o f th e p a p e r d is e o v e r e d a n e w s a d d le p o in t m e th o d fo r s o l
v in g a s p e e ial

e o n t r o l p r o b le m in 1 9 8 0
.

B a s e d o n th is id e a ,

in 1 9 8 5
,
t h e a u t ho r d e v e lo p e d a n e w m e th o d

w h ieh e o u ld s o lv e la rg e s e a le L P p r o b le m s
.

T he n ew m e tho d w a s e n tit le d ; “
T h e LP Sa d

-

d le p o in t A lg o r it hm fo
r L P ” a n d w a s p r e s e n te d a t th e “

O R S A / T IM S
一

S t
.

L o u is N a t io n a l

M e e t in g ” th a t s a m e y e a r
.

In A u g u s t 1 9 8 8
,
the a u th o r p r e s e n t e d a n o the r p a p e r e n t it le d ;

“
A N ew A lg o r it h m fo r LP B a s e d o n D ir e e t S a d d le p o in t Co n v e r g e n e e ” a t t he “ z 3 th In te r -

n a t io n a l S y m p o s iu m o n M a t he m a t ie a l P
r o g r a m m in g ”in T o ky o ,

Ja p a n
.

In 1 9 9 0
,
rh e a u rho r

a n d h is a s s is ta n r s d e v elo p e d rh e a lg o r ith m e o m p u t e r s o ftw a re a n d e s ta b lis he d th e fir s t

LP Sa d d le Po in r A lg o r irhm R e s e a r eh C e n te r in C hin a
.

In 1 9 9 1
,
the s o ft w a r e w a s a p p lie d

to p ro d u e t io n m a n a g e m e n t p r o ble m
s in la r g e s e a le ir o n a n d s te e l p la n ts a n d 0 11 r e fin e r -

ie s ,

w h ie h b r o u g ht a b o u t s e v e r a l m illio n s o f d o lla r s in p r o fit s
.

T he s o ftw a r e e a n s o lv e L P

P r o b lem s o f o v e r 1 0
,

0 0 0 d im e n s io n s o n a 4 8 6 C PU e o m Pu t e r
.

T h is p a p e r d is e u s s e s :

(1 )
s a d d le Po in r s u ffie ie n t a n d n e e e s s a r y e o n d it io n s fo r L P

p r o b le m s ; (2 ) rhe ite r a t iv e fo r m u la ; (3 ) e o n v e r g e n e e o f rh e a lg o r ith m ; a n d (4 ) e o m Pu ra
-

t io n a l r e s u lt s
.

In t he Ja n u a r y
,

1 9 9 4 t his p a p e r h a d b e e n e x e h a n g e d w ith the fo llo w in g U S A u n iv e r -

s it y :

W a s
h in g t o n

场 iv e r s it y in S T
.

L o u is
,

P r o fe
s s o r E r v in Y

.

R o d in
,

C h u n g
一

L u n L i
,

R e e e i
v e d M a r el、 5 1 99 4
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H ir o a k i M u k a i ;
场iv e r s ity o f M a in e ,

P r o fe
s s o r

G e o r g e M a r
k o w s k y ; G e o r g e W a sh in g t o n

饰iv e r s it y
,

P r o fe s s o r D o n a ld G r e s s ,

Ja m e s T alk
,

A n th o n y F ia e e o ; So u the r n Illin o is U

n iv e r s it y
,

P r o fe s s o r

M
.

D
.

T r o u tr
.

T h e a u tho r g iv e s s p e e ia l tha n k
s t o D r

.

G e o r g e M a r k o w s k y o f the D e p a r t m e n t o f

C o m p u t e r S e ie n e e a t th e

场iv e r s 一t y o fM a in e a n d D r
.

M a r v in D
.

T ro u t t o f rh e C o lle g e o f

B u s in e s s A d m in is t r a t io n a t S o u the r n Illin o is U n iv e r s iry a t Ca r bo n d a le fo r t he ir s u p p o rt

a n d a s s is t a n e e
.

1 S a d d Ie Po in t S u ffic ie n t a n d N e e e ss a r y C o n d itio n s fo r L P

P r o b le m s

C o n s id e r t he g e n e r a l LP p r o ble m s in th e fo r m
:

(P ) m a x c T
X 5

.

t
.

A X + b ) 0
,

X ) 0 (1 )

w it h d u a l

(D ) m in bT 几 5
.

t
.

A T又 + e 簇 0
,

又) 0 (2 )

a n d L a g r a n g e a n

Z (X
,

幻 一 ‘丁X + 厂 (A X + b) X ) 0
,

又) O (3)

D e fin itio n
.

A p o in t (X
’ ,

大
’

) w it h X
‘

) 0
,

又
‘

) 0 15 s a id to b e a s a d d le Po in t fo r

Z (X
,

又) if it s a tis fie s :

Z (X
’ ,

又
‘

) ) Z (X
,

久
’

) fo r a ll X 妻 0 (4 )

Z (X
‘ ,

又
’

) ( Z (X
. ,

又) fo r a ll 又) 0 (5 )

T h e o r e m 1
.

L e t X
’

) 0 a n d 几
’

) 0
.

If (X
‘ ,

几
‘

) 15 a s a d d le p o in t fo r Z (X
,

几) t he n

(a ) A X
‘

+ b) O (6 )

(b ) A
丁几

‘

+ e镇 0 (7 )

(e ) X
‘ T

(A
T 几

’

+ c )一 O (8 )

(d ) 又
’ T

(A X
‘

+ b )= 0 (9 )

P r o o f
.

(1 ) B y fo r m u la (5 )
,

(3 )
,

c T
X

‘

+ 又
’ T

(A X
’

+ b ) 镇
e T
X

‘

+ 几T (A X
’

+ b ) ) fo r a ll 又) 0 (1 0 )

0 T

(又
‘ T
一 又T )(A X

.

+ b ) ( 0 fo r a ll 几) 0 (1 1 )

If A X
‘

+ b < 0
,

又m a y b e e h o s e n s u ffie ie n t ly la r g e 5 0 rh a t (1 1 ) 15 v io la te d
.

T h u s (a ) m u s t

h o ld
.

(2 ) B y fo r m u la (4 )
,

(3 )
,

c T
X

’

+ 几
‘ 丁

(A X
‘

+ b ) ) ‘T
X + 几

‘ 丁
(A X + b ) fo r all X ) o (12 )

O T

(X
‘

If A T 几
‘

+ c > 0
,

m u s t h o ld
.

(3 ) If X

T
一 X

T
)(A

T又
‘

+ e ) ) 0

X m a y b e e ho s e n s u ffie ie n rly la r g e

fo r a ll

5 0 th a t (1 3 ) 15

X ) O

v io la te d
.

(1 3 )

T h u s
(b )

= 0
,

(1 3 ) yie ld s

1 2 3



X
’ T

(A
T 又

’

+ ‘ )) 0 (1 4 )

B u t X
’

) 0 a n d (A
T 几

’

+ 。 )簇 0 im p ly

X
‘ T

(A
T 又

’

+ c )镇 0 (1 5 )

T h u s (e ) m u s t ho ld
.

(4 ) If 几= 0
,

(1 1 ) y ie ld s

又
’ T

(A X
’

+ b )( 0 (1 6 )

B u t 又
’

妻0 a n d (A X
’

+ b )) 0 im Ply

几
‘ 了

(A X
‘

+ b )) 0 (1 7 )

T h u s (d ) m u s t h o ld
.

T h e o r e m 2
.

L e t X
’

) 0 a n d 几
‘

) 0
.

T he n (X
’ ,

几
‘

) 15 a s a d d le P o in t fo r Z (X
,

几) if

(a )
,

(b )
,

(e )
, a n d (d ) ho ld

.

Pr o o f
.

B y (e )
,

Z (X
’ ,

几
’

) = 又
· T b (1 8 )

B y D e fin itio n ,

Z (X
,

又
‘

)一又
‘

枯+ X T( A仪
·

+ c) (19 )

5 in e e (A
T又

’

+ c )簇 0 the n

Z (X
,

几
‘

)毛又
‘ T b = Z (X

’ ,

又
‘

) fo r all X ) 0 (2 0 )

B y (d )
,

Z (X
‘ ,

几
‘

) = c T
X

’

(2 1 )

B y D e fin itio n ,

Z (X
’ ,

劝一产X
’

十厂 (A X
’

+ b ) (2 2)

S in e e (A X
‘

+ b )) 0 th e n

Z (X
‘ ,

几)) c T
X

’

= Z (X
‘ ,

几
’

) fo r a ll 又) 0 (2 3 )

T hu s t he (X
’ ,

又
‘

) m u s t b e a s a d d le P o in t
.

T h e o r e m 3
.

If (X
‘ ,

久
’

) 15 a s a d d le p o in t fo
r Z (X

,

几)
,

t he n X
’ s o lv e s t he p r im a l

P ro b le m (P )
,

入
‘ s o lv e s t he d u a l P ro ble m (D )

.

Pr o o f
,

S in e e (X
‘ ,

几
‘

) 15 a s a d d le Po in t t he e o n d it io n s o f T h e o r e m 1 m u s t ho ld
.

B y d e fin itio n o f th e s a d d le P o in t

e T
X

’

+ 久
‘

(A X
’

+ b )) e T
X + 几

‘ 丁
(A X + b ) fo r a ll X ) 0 (2 4 )

B y (d ) in T h e o r e m l
,

c T
X

’

) c T
X + 只

‘

(A X + b ) fo
r a ll X ) O (2 5 )

If X 15 a fe a s ib le
s o lu t io n fo

r t he p r o b le m (P )
,

it s a t is fie s t he e o n s tr a in t s o f (P )
, 5 0

tha t

A X + b) O
,

又
‘ 丁

(A X + b) ) 0 th e n

c T
X

‘

) c T
X

,

X 15 a fe a s ible S o lu r io n o f (P )
,

X
“ s o lv e s rhe Pr im a l P

r o b lem (P )
.

By d e fin itio n ,

bT 又
’

+ X
’ 丁

(A
T 又

’

+ ‘ )簇b T几+ X
’ T

(A
T 几+ 。) fo r a ll 几妻 0 (2 6 )

B y (e ) in T h e o r e m l
,
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bT 又
‘

镇b T 又+ X
’ 丁

(A
T 几+ c ) fo r a ll 几) o (2 7 )

If 又 15 a fe a s ib le s o lu tio n fo r the p r o b le m (D )
,

it s a t is fie s th e e o n s t工a in t s o f (D )
, 5 0

th a t

A 丁又+ c镇 0
,

X
’ 了

(A 仪+ 。)镇 0 th en

b
T 几

‘

镇b T 几
,

几15 a fe a s ible s o lu t io n o f (D )
,

几
’ s o lv e s t he d u al p ro blem (D )

.

T h e o r e m 4
.

If (X
‘ ,

几
’

) 15 a s a d d le p o in t fo r Z (X
,

几) th e n Z (X
’ ,

又
‘

)= c T
X

‘

= b T又
‘ .

Pr o o f
.

By d e fin itio n
.

Z (X
‘ ,

又
‘

)一产X
’

+ 又
‘

伙A X
’

+ b)

Z (X
’ ,

又
’

)= b
T 又

’

+ X
’ 丁

(A
T 几

‘ .

+ e )

By (e ) a n d (d ) in T h e o r e m l

Z (X
’ ,

又
’

)= e T
X

‘

= b 丁又
’

(2 8 )

W e e o n s id e r rhe fo llo w in g L P p r o b le m s in t he s t a n d a rd fo r m
:

(P
,

) m a x ‘T X 5
.

t
.

A X + b = 0
,

X ) 0 (2 9 )

w it h d u a l

(D
‘
) m in bT 又 5

.

t
.

八T 几+ c簇 。
,

几 u n r e s tr ie te d (3 0 )

a n d L a g r a n g e a n

Z ‘
(X

,

几) = c 丁X + 厂 (A X + 占) X ) o
,

又 u n r e s tr ie te d

T h e o r e m 5
.

L e t X
‘

) 0
,

又
‘

( u n re s t r ie t e d )
.

If (X
’ ,

又
‘

) 15 a s a d d le Po in t o f

Z
,

(X
,

几)
,

if a n d o n ly if

(a
,

) A X
‘

+ b = 0 (3 1 )

(b
‘
) A T 几

‘

+ e镇 O (3 2 )

(e
‘
) X

‘ T
(A

T 几
·

+ c ) = 0 (3 3 )

X
‘ s o lv e s t h e P r o b le m (P

‘

)
,

又
’ s o lv e s t he p r o ble m (D

‘

)
.

T h e Pr o o f o f T h e o r e m 5 15

o m itt e d
.

2 A PPlie a tio n o f t h e P r in c iPle t0 th e L P L a g r a n g e a n

C o n s id e r t h e g e n e r a l L P p r o ble m in th e fo r m
:

m a x c T
X 5

.

t
.

A X + b = O X ) O (3 9 )

w it h d u a l

m in bT 又 5
.

t
.

A T 几十 : ( 0
,

又 u n r e s t r ie t e d (4 0 )

w he r e A 15 a m a tr ix o f o r
d e r m X n ,

a n d L a g r a n g e a n

Z (X
,

又) 一 产X + 厂 (A X + b )

S e t t in g :

X (t ) = (X
,
(t )

,

2
2
(t )

,

⋯
,

X (t )
,

⋯
,

X
,

(t ) )

X
,
(t ) = (X

1 1
(t )

,

2
1 2
(t )

,

⋯
,

义
,
(t )

,

⋯
,

X
, 。

(r) )

又(t )= (几
,
(t )

,

几2
(t )

,

⋯
,

凡(t )
,

⋯
,

入
。

(t ))

又,
(t )= (几

1 1
(t )

,

又1 2
(t )

,

⋯
,

又, ,

(t )
,

⋯
,

几, ,
(t ) )

C o n s id e r th e ite r a t iv e p r o e e s s g iv e n a s fo llo w s w h e r e p o s itiv e s e a la r s P I a n d PZ a r e r o b e
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s Pe e ifie d la te r

又l (t ) = 又(t ) 一 P ,
(A X (t ) + b )

X
,
(t ) = X (t ) + P,

(A
T 几(r ) + c )

X
l,

(t ) = 0
,

1f X
l ,

(t ) < 0 (i = 1
,

2
,

⋯
, n )

又(t + l) = 又(t ) 一 PZ
(A X

,
(t ) + b )

X (t + l ) = X (t ) + PZ
(A

T 又,
(t ) + c )

Xi (t + l) 一 0
,

if 2
2 ,

(t ) = 0 (i = 1
,

2
,

⋯
, n

It 15 n o te d th a t fo r m u la (4 1 ) e a n be r e p la e e d by fo r m u la (4 1

又,
(t ) 一 几(t ) 一 P ,

(A X (t ) + b )

X
z
(t ) = X (t ) + 产1

(A
T 久(t ) + c )

X
z‘
(t ) = 0

,

if X
,
(t ) < O

几(t + l ) = 又(t ) 一 PZ
(A X

,
(t ) + b )

X (r + 1 ) = X (t ) + 户2
(A

T 几,
(t ) + c )

Z
,

(t + 1 ) = 0
,

if X
l ;

(t + 1 ) < O

S u PPo s e th e s e t in fo r m u la (4 2 )
:

B (z ) 一 {1 1X
l‘
(t ) > 0 }

C (t ) = {1 12
1 ,
(t ) = 0 }

B y (4 1 ) a n d (4 2 )
,

(i = 1
,

2
,

⋯
, n

{
“了(‘’一 “(‘’一 尸】(A

·
X
可
‘’+ ”’

}
X

了·
(‘’一 X

!
“’+ 户1

(A么又(‘’+ ‘·’

}
几(‘ + ‘’一 “(‘’一 尸2

(A
·
X

,

竺(
‘’+ ”,

tX
。
(t + 1 ) = X

。
(t ) + PZ

(A 么几
,
(t ) + c 。 )

(4 1 )

(4 1
‘
)

(4 2 )

(4 3 )

B y (4 3 )
,

才
A竺X

·
(‘ + ‘’+ “

{A去几(t + l) + ‘:

= (I 一 p : p Z八 B A 百)(A
B
X

。
(t ) + b ) + p Z八。

(八孙(z ) + 。。 )

= (I 一 P IPZ A石A
:
) (A 石又(t ) + ‘。 ) 一 P ZA百(A

B
X

。
(t ) + b )

(4 4 )

D e fin e “e r r o r ” v e e to r s R (t ) a n d y (t )
:

R (t ) =

y (t ) =

A s
X

。
(t ) + b

A 石又(t ) + c :
(4 5 )

A石

A B

(A
o
X

。
(t ) + b )

(A 石又(t ) + c 。 )
{
八百

L O

R (t )
A B

(4 6 )

了..........、

[

B y (4 4 )
,

R (t + 1 ) =

·

R (才,
,

M
l
一

⋯
‘ 一 夕1户2

份
A“

一

夕ZA · _

L 一 P ZA 去 1 一 夕1P ZA 么A
。

S u PPo s e g
,

(i = l
,

⋯
,

k )
,

k毛 n : t h e e ha r a e t e r is r ie r o o t s o f m a t r ie e s

(4 7 )

A 。A 石a n d A 石A
。

.

鱿�

L e t 汀 , , 7r 2
b e rh e o r r ho g o n a l
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m a t r i e e s a n d



(4 8 )

、leseses几‘‘

ee
lOggC

�

一一
G

、

几

1
11

00I G
、

7r , A o A 石川一 }

( 4 9 )g,

g
�日

一一G

、
.

1
...

0O

训
, 。二2

一

(廿
g 走

Th
e o r e m 6

.

Fo r i t e r a t io n fo r m u la ( 4 3 )
,

if a = m a x ( ( 1一 P, p Z g
,

)
2
+ plg

,

) t h e n }ly ( t +

l ) }}镇
a
}ly ( t ) 11

,

w he r e a 15 a S e a la r
.

Pr oo f
.

B y ( 4 6 )
,

fA
,

!!7 ( t + 1 ) !}
‘

= R
‘

( t + 1 ) }
L 0

。
_

} !群
A 去) t o

R ( r + 1 ) ( 5 0 )
A B

B y ( 4 7 ) a n d ( 弓0 )
,

1.y ( r + l ) l,
2
= R T

( t )研
A ; A百 O

汹0A

A二A
。

PI PZ A 。A百

八A 石

M
IR ( l )

L 0

I 一
一 R T

( t )
一 八A

B

I 一 产I PZA石A
。

I 一 P 1P ZA 。A石

一 PZ A石

八 A B

1 一 p ,
八A 百A

。
R ( t )

( d d T
~ I

J 几B 蕊 人B

= R
‘

( t ) }
A 百A

。

0

A百A
。

{
( I 一 P 1PZA 。A 石)

“
+ PIA

o A 石

0

0

( I 一 P:
八 A百A

。
)
2
+ 瘫A

二 d

{
6 孟 工 B )

R ( r )

R ( t ) ( 5 1 )

了11

es
、了lesesl.‘....又

0

A百A
。

_
、

沂
{1

汀‘ O

⋯
一 {

。

{ L。 ‘Z
J
⋯
t 0

( 5 2 )

B y ( 5 1 ) a n d ( 5 2 )
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