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Geometric sliding mode observer design with application to

angular velocity estimation of quadrotor UAV

AN Honglei, LI Jie, WANG Jian, WANG Jianwen, MA Hongxu
( College of Mechatronics Engineering and Automation, National University of Defense Technology, Changsha 410073, China)

Abstract; Traditional quaternion-based sliding mode observer for angular velocity estimating has to introduce the process of mandatory

rescaling which affects the tracking performance of the observer algorithm. In this work, a sliding mode observer design framework is proposed,

based on the Lie group method of numerical integration on manifolds for angular velocity estimation of quadrotor attitude. The algorithm constructs

sliding mode feedback in the space of equivalent Lie algebra of homogeneous manifolds on the basis of equivariant mapping ideological. It avoids the

complexity of constructing sliding mode feedback in homogeneous space directly, and eliminates the process of mandatory rescaling which is

required by the traditional methods in each integration step. The simulation results show that the algorithm of geometric sliding mode observer is

effective.

Key words: geometric sliding mode ; observer; quadrotor UAV ; angular velocity estimation

GESTERIAE AT A TLE AR N HLgs A
U A R R R . LA RESR
B, i T QAT 1 SR BRI , (67 B A3
AL IR ISR BT IR I S A A
MPEREXT A TH PEREA & B

20 W 35 A ) I S A R A A
B X E(E B B 25 G T ZRME IR
AAGTHEORTR R . SR N R S8 (AN iy
PURBER AT, /N TR SE) SN, ZRT K
AR BR G BRI, RO AR R I R R
B

T AL 7 ) AR DG T S5t , b AR 7 DG i
T RGEHATREAGTT o A, AR AL
GEf) EKF JERCET , WO A8 TS U B

TELES A A 5k h B RN e —
LR AR NBRR Rk
RiAR 2 E AR 2 8 ek i 2 TR AR T 2 4

«  WrFm HHEA:2013 -03 - 06

558 2B B A Sk R (s s E S5 o
LSNP o ns i B2/ § M a L TN S i)
% e /N T RERCH OGRS IR 21T
RJRFTRITT I ML G S, B
PUTCE IR R 12 5 R o Rk A0 S g B

TG T HAAL DU TR R I W AR 50307 15
R AL P OT R R A TR, i A %
JE ALV IC R LA AL o SR, 76 5 T B DY
JURGE R (32 3l 2 7 R s WL s b i I AL 22
MRUELR Y J7 ¥ (WRRLEE \RK J7 55 ) Joik A 45
TG, WAt Ul , B — B e R 2 —
I 2] B 5 2R I AL T IR AR AT b 12 20 5
SO B AL AR . i T H B R A A e
SRR R I 2 AR OUL N o 1) BREZ A R .
TR ORI A AL, T AL DY O RS ) — A2
I — 25, AR SOREBUEL AR 70 10 25 A 7 0 o 1)
BT HAL DY ORI s BTN g Y B, 48

TEE BN L2 E (1983—) 53 REEN 584 , E-mail ; eirc_nudi@ 163. com;
FRICGRIEER) 5, i, 1, E-mail ; jianwang2318a@ 163. com



166 - [ 7 B 4K ¥ O

5535 &

T S AL U RO L B RO % 4 R fEL
Jrike P RIE BRI J5 R S AR
o T RS, W R AE B 1] (R R &
CIDE S5 87 Wil ;AR i o AW+ Geny LT Sl 0 R s
AR A B R R TS RE AR T — i % 1
i E.

P SO 2Tk - (1) 2 T RUE >
2R AR T 1, B T — o T RO 45 ST HE R
TEMCHESE AR RS i) 2 ] A At DA it 17
Si il B LB R AR . (2) Beit T B JLAT i A
LAV s , A5 FH B2 0 e B 7 19 4 35 A5 X
AT

1 MipeRT ANEhFEE

1.1 B THiEshs
FE S — AL YT q s — M —
OIIDE T g (e R ivE: JT TN 0D
q=qo +qii+qj +qsk (1)
Hego +q1 +q +45 =1,
L q TR H i m RSy, B g = q,i + q) + g5k,
JIURER A Tve 5 G S S T 05| A5
q=(q0,9) (2)
S — A DU T ER, T B DU R S e
AEIAT YN XF N KRR
R(q0,3) = (qo =q'q) 1 ++-2¢,S(q) +247" (3)

Hrp
0 e q,
S(q) =| 45 0 —4q; (4)

— 4 q, 0
HE%:\@J,R(%,Q) =R(-q,~-q), AL X A
PUTCECE R 1 B BRI S S SO (3) A WU 35
AL DU TR # BT 0K B R 3 iX —
)R B B T, 245 () Hh A R — A T e 28
AT LAE i S8 — IR R n (PR ) iR —A
FANE 0 153, I AL MR I ) B DU ST RN -
q=(cos(6/2),sin(6/2)n)
0e[0,27] (5)
A LLE R B, — SRR R n iEd:
— A 0(0<O<2m) A7 AT LAE i3 SE4AIE
B —n SR 2w - 6 SEE
EMDRALIYITTE q, = (g10,q,) Fl q, =
(920 v‘?z) ,%X$1ﬁlﬁlfﬁ§&5@2®
910920 ~ 919>
e G102 + 9209 +5(4,) ¢ ©)
B PO TT R R I 5 T A R R 1 R A Y

A q, A g, 3RIXENE SO (3) W e FEFE R, il
Ry, HUNFX KR

RiR, <> +4,4,

Riveorgq, @u®q, (7)
Hrpo=(0,v),

BAALIY T A I ) S K e Y oo R s Sk
( quaternion propagation rule) Z5 H

i=1a@n (8)
1.2 RgpiE#

T e PR T R G 8 RR,
W S AR R o ASSUAE PN A by %, B
TR A AR R AR AR R o AN 1 FiR AR AR R R
0,-X,Y,Z, Hu AT R AT E TR s AL, X
BT 1A ) — AR ER, Z Ry 1) R R
10, Y 4l Z B X Bl AR bR AR

e - rotorl

Bl 1 DUiesE CATa bR RS
Fig. 1 Coordinate frames of quadrotor

VUERE K AT g 2 ) AR B S BT A
ik :

(1) "RAT i BR IR 2 g o e e o, HoAx 24 ]
BEAE— S, MRS BT i AR 2 ] L Z Mg AT, PRI
fRBE AT LA — DRI

(2) HK, A% AT S MU BRI e 1
/IR 2E IR RATE LA XS PR 1Y o

FET WA, AT LA T 4= — Wk 7y
IpTo Y Seml o & VAN Ty o il

Jw=M-wx(Jw) (9a)
7=l +5(1)w
. 1 _p (96)
qo = _?q w

BRI g=[q, q ] FRMWAIRRILES



P e 38 0 AL BE Al T A0 LA T B s 57t + 167 -

VA
PUTTHL, w R AR AR R 2R R B R, MO R )
(x| RS DAK
55 AR, PUESE AT 4% PO SR E 2 1
HeH f,(i=1,2,3,4) SEENURBIR R T RRHE
RS fANFEM (i=1,23)FUTRAR:
f 1 1 1 1 hi

M, 0 d 0 -d| | fi

= = (10)
M, -d 0 d 0 £
M, —Cy Cy  TCy Oy fa

Horp, d SRR ER A O B RS ¢ IR
(1 FENHE ST EE AR
FRATHIRLIRL A A B S AR R o Rl i =S
E WL, M R E T =R A M, M,
M, B
Mz[Ml M, M3:|T (11)

2 EARAEENNFTHERTE

BN PUICES AR — A AR R E 7L 7 ST
I b E A 2 B AR 7 O RS R 06
TRTE (0] 16 25 460, TR e 0 280 A B £91) 26 3 3o
N T RDEXA I, 22 SCHR[ 18 - 19 ] 3k T 4548
AL 1) JELAREL 8 55 1 i b ik oy O AR AR 4 kg 2
RECEMENRIT TR RSN B i
TE R, IR HETARAR T 25 [ R i AL T X
— AR AR SO DU TS T ML T T A
A A LA P XU 1
2.1 HEMSHNTEH X

VE RO Z5 BT A FE AL, AR5 45t AR (B 4y
MZE Ty dh I R B, TR N A 2 % X
BRL18 -19],

EX 1 (FFBB) & M AN PRI,
4 G IEFAE M AN ERZERE, o G2 M
EWERN @, :M—M,G £ N EERR ¥, :N
—N, WRSEH B f:M—N 2

fod,=w,°f (12)

WIFR £ AR @, F1 W, HSEAS MLt

P2 g5 T B U ) A A SR A2 1 A 4

M — N
2,1 T,
M — N

f

B2 e R A5EAr et

Fig.2 Equivariant map on manifolds

MR FIZERER @6 x M—M X THif g e

G meM,% &, M—>M FREH M m—

®(g,m), D, :6—>M FRIEHBY g—>P(g,m) .

W @, :G—>M ZAXTT G WA L, FEGH B
9t @, WEAR B

DL, = DD, (13)

A f:g—G J G LG H TR AL bR

WHE RGBT exp, X HL, T AR g

EZEAER B,

f°B,=L°f (14)
TR JRE f R TR B, FUZERE G 1 A
FH L, B

TR BT, B, B2 3 44 Y Baker-
Campbell-Hausdorff( BCH) 3 2
B, (u) =log(g * exp(u)) (15)
Hor log SR BOBLS
H1 TSR AR S A 45 BATS DR S5 A AR, Tl LAY
DAL ERPE B, FOGHE B &, 1)
AR Dy f:g—M

o
!
o

=)

I3 2R LRI A 5 S i
Fig.3  Composition equivariant map between
manifold and Lie algebra space

EX2  ([EGHHRE) 2 ¢:M—>N A
TIE IR WS, X F0 Y 2350002 M AT N rp i )
Y, W ThoX =Yoo JUFR X Y I & AHKHY,
TN X ~ Yo

To
™ — TN
T Ty
M — N
¢

B4 R

Fig.4 Relatedness of vector fields
EE 1 R ¢ XTI/ MEMTT
Ey FNEY KRBT D oyiy) TN o) FISFL BT

W5 /NI €y €y T2 @ AR
RIE 2828 LS @, .M M f:g—
GG @, of :g—M JEARX T AAE EREH]
B, MG &, BYSFASWST, ) e 2 1wl
g bR B, g5 /MEROTT €, Fl M LR @, KT

5 /NEIUT &y 5 @, of FHKHY, R

Evod, of = T(meonfg (16)



- 168 - EZ VIS AN 4

2 [AAZHSC R ANIEL S P

TP, oTf
Tg ™
&) T T Ep(m)
N M
g o, of

K5 e AN OO ) 3 2 [ R AR e 3
Fig.5 Transform relations between manifold,

Lie algebra, and their vector fields

SNV AN O - R |

y=&u(y) =y, 70€D(6Xp(t < &(s,y)),y)
(17)
IEIRE R yo =D, of(0) e M, T g I

G5 /NSO €, M EICT5/INEIROC €y 2 @, of
FARA M E R D7 R AT DU I Ve £, 783
g LISEM RS XA, W M BB Jr /R
SRAFSLAT DL i 8 e R i 28 g BB 7
R, RGP I @, of BTS2 Hh % o

BN PUTCHE B B R D7 R ] AE S D

q=A(w)q (18)

PR, Bz DU e s (] S as a], Heor Jr
G

Y(1) =exp(A(w(1))) - Y, (19)

Forp ACw (o) 6 2N TR Bl T 7

A(w(t)) =dexp{(lw<t>>(Q(t)) (20)
R depr< )(v)XﬂLEHUJ\_*TﬁCPE’JE (u) o
2.2 HI3ERRST( Cayley map)

R SR A Y i S Al B g (H
TERUER 3 5 vp JC R 0 15 3 48 Bl St A 18
HKG R YOE TR B (BRI 88 it
BT RS RAIE TR RS, PR — E AR R
BUEIRZE VT I . 53— 07 T, %5 B 2 = ks
JE R BUE TR G B 3 22 R AL g I ] T UL
o B IS A U e R e, DR sk fe LR AR
EERERIUS

DRI cay :g—GC & LN

1 +u/2

cay(u) =12 (21)

ZEARBIES (] o6 Eﬁﬁi%lﬁ’]fr%ﬁ%jﬁ

&wﬁf(v)zv—%;hhv}—ijt-v-u(22)
B[ - - ]IS

2.3 nﬁ%ﬁ&%%uﬁ
B U AU 2% H AR & AE A B DY T
BRI & g 10T, 55 F I 25 Bk 4Rk

535 &
AR B A THE W
N T AR G T A DU TR WL 51
R, BB 7 B0 DY 0 K s () P R 5 A

o 5 ) A9 T R, A SR H AR B E AR 0 i 2
THEMERE AR AR ) () f s 1)) A s AR
158, AN EAR AT 5 A BB, #4) 2  AL

%
2.3.1 z é&%f
SEEAS LAWY AR 1 2 A AR 25
SL%J:
9.49"®q (23)

HR R 25 22 S, Y WLIIAEL 5 55 b e 5 AH R BF
Bl g=qHt,q =051 g+q if,q, =sin(6/2)n,
FoRUT =Y A n g 0. BRI B g, MU
Lﬂ,xio
2.3.2 MEFN IR E PRI B

LA A= e Lt YR R RV o S
FIEEN T, Hoh DU E R AT AR 12 B2 B L Y
JUEE AR A2

§=1q@w (24)
Xof bz 1) S5 A 2 A0 TRl v s B 3oy O B
£ =deay, ' (A(w)) (25)
Hrp

0 -w, -w, -w

| W 0 W —w,
() w, — 1w, 0 w, (26)

w, w, -w, 0

P2 A0S 18] v R 3 2 A UL DN 6

¢ =deay, " {A[W —kysen(3) ]} (27)
RARTA FRPEI RAT e 3 2 gy
N
Iw=M-wx(Iw) (28)
A 3 AL 2%
Iw=M-wx(Iw) —k,sgn(q,) (29)
2.3.3 HHAH ELGEMRS
45 2 A 2 ] o T X U s, AR
PREUEA 2 BT 12, T LS 8] B BOE R L
A VR %
q(+) =cay(A(£))q( -)
E(+) =E( =)+
w+h + deay; " {A[w —ksgn(q,) ]|
w(+)=w(—) +--
hoe [M=wx(Iw) ~kysgn(g,)]
(30)



56 ]

LR A T VU3 G LS LA T e LA T B 2 it + 169 -

Horb b WA FR O K

Tt SR R, S AR O ik A5, B7E B
AR AAC RTINS, AR A Qs
] A B R NI IR

LI 5% A A28 S 5 ) e K-S B BRSO
AR 25 A R BT AE T RUETH 3 P (A LR
PERIARAOTEIE ) , A2 R ST AR (8 1 18
PR AR B, o B IR S AR o

3 hE

{} B AE MATLAB/Simulink 3 3% 1 S2 8, 44
JE DU ER TS ML IS

J=diag(8.942 9.458 7.787) x10°°

TREVIHIRE N

g(0)=[1 0 0 0]
w(0)=[0 0 O]
R 356

M =0.01 x[sin(¢) sin(t) O]
PiEAF B Gis Tk an & 6 FilEl 7 (L4
G IEAR FEE ) o LARIRE 0. 02s $RHCR
FERH -

1 T T T
g R N ‘ At
R NG B e S i |
0 2 4 6 8 10 12 14 16 18 20
t/s
5 0 N =
o S N A PN
0 2 4 6 8 10 12 14 16 18 20
ts
1 T T T T T T T T T
8 0!_/\5 ; ; | i ; /\ |
i1 e D e B D <
0 2 4 6 8 10 12 14 16 18 20
t/s
1 T r T T T T T T
O 7 s B = W N PN
Al L p i~ N
0 2 4 6 8 10 12 14 16 18 20
t/s

Ko ~FRESHL
Fig. 6 Attitude curve of platform

5
"
g0
5 \/
0 2 4 6 8 10 12 14 16 18 20
t/s
5
b
20 *
-5
0 2 4 6 8 10 12 14 16 18 20
t/s
0.2
N
= 01 - o
0 L]
0 2 4 6 8 10 12 14 16 18 20
t/s

7 PGl
Fig.7 Angular velocity curve of platform
BOEMTH LA KO 0. 01s, 3z 17 LA 1 A6
WL 8512 , AT D T 3 KA T 4% A A A 14
K8,

5
§ 0 T, /’\
= 5 P \v
0 2 4 6 8 100 12 14 16 18 20
t/s
5
o
g 0
3 : I R \
0 2 4 6 8 100 12 14 16 18 20
t/s
0.2
S o1
g S i |
o
0 2 4 6 8 100 12 14 16 18 20
t/s

P8 LI A 2 A A R A T
Fig.8 Estimated angular velocity
9 25t T IR AL BRI 3 B A A (R (52
2) S a GRS (REZ) I HLEL. D HA R R
WIBRERRICR RLAT

4 T

wx/(rad/s)
N
s

wy/rad/s)
g
o=

0 2 4 6 8 10 12 14 16 18 20
t/s

0.2
0.18

0.16

0.14

0.12 . i i '.}‘\ / 1
: N i

wz/(rad/s)
&
e,
-

0.08 NG
/ N\
0.06 /

o
S

0.04

0.02

0 2 4 6 8 10 12 14 16 18 20
t/s

C
B9 A BELI A 5 by Kol 1 EL A
(A B.C I3 i oy = Jil A5 )
Fig.9 Comparison between measurement

data and estimated data



- 170 -

(FE TR SR S AN S

5535 &

4 FZRSRE
b

BN P iE 3R JC AL A4 A T R A T [ R 2 i
— PP T AR B2 A 5 R T AL
WBOTESR . 2R T A A W AR, TE SR
T 25 1] (8 S5 A 2 A R s ] v B T A S A, A
TG 1 B AR 2 6] rp it Bt 9 52 21k
FHHBR TGN IEAE R B B il i AR
FOBIEE IR . D7 A5 RN, JLAT I B UL 45 5375
ARHE DT

2 % 3Lk ( References)

[1] Ahmed R, Gu D, Postlethwaite I. A case study on spacecraft
attitude control[ C]//Proceedings of the 48th IEEE Conference
on Decision and Control, 2009 held jointly with the 2009 28th
Chinese Control Conference, Shanghai, 2009 . 7345 —7350.

[2] Zhang R, Quan Q, Cai K. Attitude control of a quadrotor
aircraft subject to a class of time-varying disturbances[ J]. IET
Control Theory and Applications, 2011, 5(9) . 1140 - 1146.

[3] 1Inoue A, Deng M, Harima T, et al. Attitude control system
design of a helicopter experimental system [ C ]//IEEE
International Conference on Industrial Technology, 2005 ; 1240
- 1245.

[4] Horri N M, Palmer P L, Roberts M R. Optimal satellite
attitude control; a geometric approach [ C ]//Aerospace
conference, IEEE ,2009 .1 - 11.

[5] Wen JT, Kreutz-Delgado K. The attitude control problem[ J].
IEEE Transactions on Automatic Control, 1991, 36 (10) .
1148 —1162.

[6] Fang Z, Wang X, Sun J. Design and nonlinear control of an
indoor quadrotor flying robot [ C ]//Proceedings of the 8th
World Congress on Intelligent Control and Automation, 2010 ;
429 -434.

[7] Stingu E, Lewis F. Design and implementation of a structured
flight controller for a 6DoF quadrotor using quaternions[ C]//
17th Mediterranean Conference on Control & Automation,

Greece, 2009 1233 —1238.

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

Spurgeon S K. Sliding mode observers; a survey [ J].
International Journal of System Science, 2008, 39 (8): 751
-764.

Koprubasi K, Thein M L. Attitude and angular rate estimation
using the sliding mode observer with multiplicative quaternion
corrections for the cooperative astrophysics technology SATellite
(CATSAT) [ C]//Proceedings of the 2006 American Control
Conference, Minneaolis, Minnesota, USA, June 14 - 16.
Lizarralde F, Wen J T. Attitude control without angular
A passivity approach [ J ]. IEEE
1996, 41 (3). 468

velocity measurement
Transactions on Automatic Control,
—-472.

Jorgensen U, Gravdahl J T. Observer based sliding mode
attitude control; theoretical and experimental results [ J].
Modeling, Identification and Control, 2011, 32 (3). 113
—-121.

Vasconcelos J F, Cunha R, Silvestre C, et al. A landmark
based nonlinear observer for attitude and position estimation
with bias compensation[ C]//Proceedings of the 17th World
Congress, Seoul, 2008, 17(1) :3446 —3451.

Aspragathos N A, Dimitros J K. A comparative study of three
IEEE Transactions on
Systems, Man and Cybernetics, 1998, 28(2) : 135 - 145.
Lee T, Sanyal A, Leok M, et al. Deterministic global attitude
estimation[ C]//Proceedings of the 45 th [EEE Conference on
Decision & Control, San Diego, 2006 3174 —3179.
Fragopoulos D,

methods for robot kinematics [ J ].

Innocenti M. Stability considerations in
quaternion attitude control using discontinuous lyapunov
functions[ C]//IEE Proceedings on Control Theory Applications,
2004, 151(3) . 253 -258.

Han D, Wei Q, Li Z. Attitude control based on the lie-group
structure of unit quaternions [ C ]//Proceedings of the 26th
Chinese Control Conference,Zhangjiajie, 2007 ; 326 —331.
Murray R, Li Z, Sastry S. A mathematical introduction to
robotic manipulation[ M]. Orlando, FL: CRC, 1994.

Engo K. On the construction of geometric integrators in the
RKMK class[ J]. BIT Numerical Mathematics,2000, 40(1) ;
41 -61.

Iserles A, Munthe-Kaas H Z, Norsett S P, et al. Lie-group
methods[ J]. Acta Numerica, 2000 215 -365.



