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Dynamic characteristics of damped carbon

nanotubes on viscoelastic foundations

ZHANG Dapeng , LEI Yongjun
(College of Aerospace Science and Engineering, National University of Defense Technology, Changsha 410073, China)

Abstract; The dynamic characteristic analysis model of damped carbon nanotubes on viscoelastic foundations was built by using Euler-Bernoulli

beams. The nonlocal viscoelastic theories, general Maxwell viscoelastic model, velocity-dependent external damping model and viscoelastic

foundation model were employed to deduce the governing equation of Euler-Bernoulli beams for dynamic characteristics analysis of carbon

nanotubes. On the basis of Kelvin-Voigt model, new general analytical expressions for the natural frequencies of damped carbon nanotubes with no

foundation and full foundation were obtained respectively and some typical special cases at full foundation were discussed. Then a transfer function

method was developed to obtain a closed-form and uniform solution for the vibration governing equation under arbitrary boundary conditions.

Considering a single-walled carbon nanotube as a numerical example, the first four natural frequencies with different boundary conditions were

obtained, and the effects of the nonlocal and viscoelastic constants, the foundation stiffness coefficient and length on the natural frequencies and

damping factors were analyzed. Results demonstrate the efficiency of the proposed model and the analysis methods in solving dynamic problems of

damped carbon nanotubes on viscoelastic foundations.

Key words: dynamic characteristics; viscoelastic foundations; Euler-Bernoulli beams; nonlocal elasticity theory; transfer function method

A 1991 4E8 & BLLAE Bk 41K 45 (Carbon
Nanotubes, CNT) DL 57 1 15 b2 AL 22 Jote
FERBEVHE AL AOK TR il AR AR R
TSGR A RS TR
B ARG 2 AR AOR A A T
AT AT TR, IR Ty
T AP R TR K2 1 Young ™ ') b 4 Bk
AR, Ay SR [ e A MLBEH B, M B0
[ PN O A VR R o i A N el P

« WS HER.2014 - 12 -25

EEWA : {R QAR SRS R I (11272348, 11302254)

A LI L AR AN A AE 1] 2 RO 1S SCHE T BR
IR A Y o 3 X s R R A 3 T 5 o
BT L T AT KA P R 3o B AR P AR T 44
MEESH . FHT, $ R ST )
AT Bl 3 W R R Bl 1 SRS R SR R A, A
FHOIFR T KBS TAE 7 SR, e st
WFE PR R 2 Bk Rl — 2k Winkler g5
RV HE TS A5 A4 hy 2245 FH L N7 R R P L, SRR
AR S Z e RELE . BT

YEZ R IR KMG (1989—) , 3 TR BT & A, P L5842 , E-mail : zhangdapenghit@ 126. com;
EHREGEGEE) 5B, 284%, W+, #1420, E-mail ; leiyj108 @ nudt. edu. cn



<142 - ES I S = o

DL & T ML B 1 26 S5k BB, SR ] Winkler 458
B N d S N G N T R L
Mo R B AT LIS B3l ) 2Rk, b 2005
ARHAPE RN ) 2 i A

PRSP EE ) BE AT H R b 22 i SR 6 B
WAEGK R T AL FERR AR AT 8 2%
[T A3 3] 12 . B, & AR
JRITR B X R AN K A TEBL IS B Bl 5 S R Y
By AT R ST, I UG — 5 R
Chang'* ARG 1 2 S Al Sy 3 i v 98 40 A
TIRPLGEAE Winkler 28 54 i 48 ) A 4R 30
BeHUEE R E E )5 Fang J Zhen %5 SR FHAE SR
PRSP B ST 1 OB B 9 K A TE Winkler 2§ 5
PEA I B 8l g A i O B, JE R AR A A
YR 3h n) A% T AH = BF 5% 5 Fotouhi 1 Firouz-Abadi
SO o AR SR S S SR R gk A T K
HE A RSN AT T RS, Herb s v B Ak
4 Winkler Fl Pasternak 57 ; Kiani' " £} %41 25 11
FRAAE TR BURE B AN K A5 TE BRI G - 52l )
AT I PR Bl ) L, SR AR JRy A BRIR SR A% 1 3l )
AP R A AR AT A 5 Avani 25170 U] T 3 JRy S
BN Winkler BHLI: M7 1 EACTI AN KA O AE LR
PEIRB AT E L. W HATI &, B X i oK A
TERGRIERLE B RS ) R TS0 R D o A
SCREH T — R TSR AN KA AR S RE I B3l
SRRV BB 7 %, W] O AR O IR A Y AR B A
Z%,

1 ZhFEHTRE

BHLJE B A KB 1 2o S R TE L A a4 77 2 A
TUPE 1 PR  BRANKRE IR BEE L, AN T
[y, JNAORE SRR IE b T 10 2 i 7 iR 30
P TTRERS HLB T 2R R A T AT o

1.1 JEEERgEEE R

B X385 4 1] [R5 A48}, Eringen £ 1

JE SRR B B A R RN 1 sk A ¢, R
N Iyt o BRI

1,(x) = jK( x —x'[,)a,(x)dV (1)

o (x") = 2,6, (x")6; +2u.e,(x")  (2)
Hop K( v -x"[,) WZHREL b = ega/L, WG
MWHYHAEJR RS it (e F L, 53 5|37 N FRFNSN AR A
TERE @ S AH R I A4 RBE R H0) VR AR 1 1
FUA, Fl . K Lame 550, &, AR K 4

EA R K (Jx-x"[, &) N M bk oA B,

ool 111

M
M(x, £) M+ -

dx
X, ¢ ll} +92 g
[ONER)] ¢¢ O+ 3¢

Cx 0

FL ZESPERE IR S T B e AR A
Fig.1 Damped carbon nanotube with

a viscoelastic foundation

Eringen 32 H O BIA K I FE > N -
[1-(ea)* V]t =0 (3)
WEiZ AR R R R BRI AR B R A R
SN C
[1-(epa)’ V*]t; =0 (4)
o, e T oo 43 i) 2w Al TRy R Ry 8 8 B
Tk,
J7 X Maxwell Z 3R (AN 2 fIr7R ) A
SR H

N
E(t) =E,+ Y E,.e™ (5)
=1

Roft, = 0,/ WS CHEsft, m,
. E,, JFPRIRIE) .

K2 ] X Maxwell i1
Fig.2 General Maxwell model
H4fE Boltzmann 3% il J5L B, W] 45k 244 K 8 1Y
K TTREN -
de,. (1)
or

o = E()e. (0) +fE(z —7) dr

(6)
ﬁ$¢m=y%%wﬁ%%%ﬁﬁ%n
RSt (4) 3t(5) FIR(6) , o,



SRS , 55 - FH SRR E R 1 BE RGN 1 30 1 22 e S 143

Jtr = E_ e (1) + Ee

l

o"‘“

(7)
1.2 EZFEEHE
T JE S P X3 [ v, v, | _EEIUHOT do F30F
1732 01550 Cn &l 1 iR ) 13810 dx 13 7%
VTR

mwgJ)+wag)+CAxJ)+PAa%g?w = p(x,0)

(8)

0(x,p) = ML) (9)

S A BRI o Ce,0) 85 90K 1 B 2

. Ce) AP BN M Cx.0) 710 Cx.) 331

BRI 1.0, Cet) WA, C. (5.0
HSNELE )

A7) FITREL y JERRT A 1BV

2 2
M(x,t) = (eoa)2 w + Ewlaflf
ox 0x

r TT—: 63w
l 3B e e (10)
ﬁ*J=LﬁM%%EﬁENy%%ﬁﬁﬁo

Bt (8) (7 (9) FIEk(10) 0T de 195 H7
ST RS N

El— szlem

dT+[1—(eOa) V] L+

1 —<eoa>2v2JQN-+pA[1-<%a>2v21§§§

= [1 - (ea)* V' ]p (11)
L3 SMNEARAERERIERAN
MR SCRR[31 ], SNJETT €, (w,0) BR

C.(x,0) = Cfue™ ™ S (12)
0

X, €, AR BB, S EETE R AL
t Winkler 8780 W01, JERAEFA 7 Qy (w0 ,10)
52 w(a,t) AR RAN
Qy(x,t) = kw(x,t) (13)
A,k ORI
TEICRC Y BE A b 2% 1B RS A R 3, D RIS

YERII IR0 -
Qv(x,t) = [kw(x,t) + Coj/io - awdT]H( )

(14)

A, Co O IR 1 2 SR JE R A H(x) =
[Hy(x = x,) = Hy(x = xy) |, Hy (%) NBTERPREL
L4 FHNFEHFGE

ReohBiL e 1 F ik 2K (12) A3k R AR A
2 (14) ﬁ/\ﬁljﬁé¥@fﬁﬁiﬁ(ll) , AT

El— fZEl

d7'+

t

CA1—<%w2v?UﬁwWW*’@%r+
5 ar

r —up(t=r) O
(1= () V1 [ hua,t) + col%e o(i-7) ﬁdT]H(x) +

pA[1 - (ega = [1-(ea)* V' ]p
(15)
FR RO E W E AR 0,2 p(x,0) =
O, MmWwahTEH rBAAWMEIEWN w =
W(«x )GXp(lwt) = (15) ATt R
(E I+ zEl add )ilx ¥

| +ior,

W
1w, )H(x)](eoa)2 Lo
v + o dx

lwp,

W+,

[pAa)2 -C,

0
[Cz : ko
o+,

(kC

(k C, gy )H(x)—psz]W=0 (16)
1a)+,u

A = JEI/pA/L? iy = Co/pA,L, = Co/pA,
k™ = k/pA, RIS GIA TR o = eja/L,x =
x/L,W = W/L,W(16) al{E

M2

T d'w )

_m + 3 -
(1+lsz l +iwr, )dx [w 1w§2i(u+;142
)H( )] [ia){z. Ry

2
wZ]W=0 (17)

A KA S 1S A 1] S s S, A A 1 S
ZEERT LR B o SRR AORAS Bl 1 ey 1
Wit 2 T 2R B RN Y ik h «

-_— ~ T"l d2
M—pAL{ (1+1w2E I +iwr, )dx ¥
21 2 2 o Mo =\ [
o [w - iwl, 0+ - (k + 1w, o +#0)H(x)]W}
(18)

(k* + 1w, iw * e

4w
- ALZ{ ( »_Tm ) +
C=r 1-sz‘E 1 +iwT, di’

2 2 .
a [a) —1w{2‘
W + W

_(k +lw§0ia)+,u,
0



- 144 - ER R PN %37 %
A (18) ~(19) i W(x) W R BAKE R _[hrl, ) Ji=
AR, LA A R A R (17) i, 1 21 +dp)
SCRT S PUSOR A W = W,e ™™ R, DR s il J_[zo+§z+ i ]2+c2ﬁ“+k*<a2ﬁ2+1>
JRER(17) AT - 2 21 +dp) L+
(24)
(1+le E i N s om0 AR 5 0 B S 0 A T ) — e i

vty L] + g
( +1w{0ia}+y,o x] Bz [lwgziw+pq w *

(" +iog, lw"jm)ﬂwc)] =0 (20)

X [ 3 8T SRR AR, AT LU E B Y HR
1B, AN i (8] SN SRS @ BT A S X A B = i MRk
B e, RS FE I #2(20) AT A KT o 1Y
N+ 2 P BB AR N + 2 M, T AT
T 0 B A K A 1 [ A A3
2 FEHHER Kelvin-Voigt 38 1R R

%G SR B I Kelvin-Voigt £ BY I, 44
N = 1 ME, —o0, 3% 7, = n/E, JaBHEZSMH
JE FEEERHJE X N REEFRLE (1 — 0,9 — ) o
2.1 EREKRXE

BRAERIT Qy(x,0) Ry H(x) WFRAE 15k
JEAIVEFVER, 2 x, = x, B, BRGKAT TCHRLIK L
e, 50 (20) A4

-(1 +a2B2)a)2 + (&, +a2B2§2 +Tdcz,84]iw +czﬂ4 =0
(21)
XPIZ 5 KA, AT A3 (& A AR N
w, = [52 —ZLT,] F

2(1
n 2 c234
Td] + 2,2
2(1 +a’B) 1 +apB

/ Fz
(22)
3 (22) [FSCHRI31 ] rhICHE e A Ja R R 5
[l A KA A e a2 —H
2.2 2ERXE
Mo, =0 Huw, = LI BRACKETE KNG
Z LR SAE e (20) ATAE Ry
—(1+a’B)e” + [ (L +6) (B +1) +
.68 Jiw + (B +E (B +1)] =0
(23)
M= (23) MA—MRXXATE R .

(24) BAFINE, WAL T LR SR I -

1) YERANKAE SR JCREE Ry stk ZR st
a=1,={ =¢ = O,J\J.ﬁﬂ?ﬁ$ﬁ

2 k*
w, =B 1+ 0234 (25)

SRR Z IR 0, = 8 L, ZE
THERIINIE S b

2) Mgk G E RO A BHR JR B MK L B
Ha =71, =0 5EAHEN.

+{5. 0o &, k*
il v o J z ; b
(26)
kT =gy = 0, WIVEAR N R BB k7
i L,\ﬁaz;o
3) Ma =g, = ¢ = O BRADKE KR ah
BRPERE, UA7

2 2 2 *
ﬂi + «/_ (szcﬁ ) +1 1534 0,82
c

2 2

(27)
4) HERARAE FE RO T BE S AR JR R i Bk
Pt =4 =4 = 0,A:

/ 1 k*
w, = CBZ 71 N azﬁz + 6234 (28)

kT =0, Wiz 5 SCRR 32 ] FOCk e IR R
PRIICAE B2 [ A AR A A — 2

5) MR AERER R AR RS, £, =
= 0, BRAOKAE B E A MR 0h
= B LEEN
1 +a’B
(29)

/_7'(21 +1 +2aj§2 o (of@z + 1)2
4 B 02[34
TR 2 AT 1 X T LR ARG B0 T B 4 K A5 11 [
FRR, — BT BT %R Sl i R ) el 3 i
Féﬁﬁ@ﬁ?ﬁmﬂ (Transfer Function Method, TFM)
A TR

3 fRERBUEKE
TEA 2K SCHEEAE T 1 [y, 2,1 K HA,



56 ]

SRS , 55 - FH SRR E R 1 BE RGN 1 30 1 22 e - 145

A7) AT5

c2(1 o BT, )7+
““’mz; E_1+ior, ) d*

2
. M _ . . 0 2dl/
[w iwl, 0+ (k +1a)§0l +/.L0)]a 9
. Mo . o V_ 2lw=0
[1w§ziw+M +(k +1a){01 +M0) w]
(30)

N 4
2 E T d W 2
. J m - + —_
C(1+1wm§=:l E, 1 +iwr )CU&4 (a)
Mo 2 dz; Mo 2\ W =0
iwl, i+ )a 1 + (1w§2 i + 0, - )
(31)
3.1  BERZERIE
B SCRAS &
—dw &Pw dPPwy”
= — 32
() = [WES S0 5] (32)

B (30) G RS T B 5, st (33)
Fi7R

M) - pwygre)  (33)
0 1 0 0
0 0 1 0
dP(w) = 0 0 0 1
A, - Ay a2(—A2+A3)
A, A,
(34)
=X,
N
. E"’I Tm
A =1 +1wm2’1 ETOI + ioT,,’
. Mo
A, = o -
2 w 1wl o +:U/2,
* . /"LO
A, = k7 + o
3 1wd, i + g

RET A (33) WS Ny
n(x,0) =exp[ @P(w) (2 -x,) ]9, (w) (35)
X (0) =9(x,,0), Hx=x 1, X(35)FH
n(w) =P (w)n (o) (36)
X, (o) =expl @(w) (4, -%,) ],
3.2 MAKREBERXE
FX(31) GRS FIER, an=X(37) Fr.

MEC0) g (w)p(rw)  (BT)

X,
0 1 0 0
0 O 1 0
d (w)=| 0 O 0 1 (38)
B0 St
A, A,

P SRR S S LNV E NP
M(w)n,(w) +N(w)n(w) =0  (39)
XH,m,(0) =9(0,0) 9 (0) =9(1,0) ,M(w)
TN (o) AT 98 K A5 9 10 SR A PF e B 1
I A g (o) W LA 9, (0) RN
Ne(w) =T(0) V()T (0)n,(0) (40)
H, Ty (w) =exp[ @ (0) (2, -5,) ], T)(w) =
exp[ @ (w)x, ],
¥ (40) FRAK(39) , 0]
[(M(w) +N(0)Ti(0) Y(o)T () ]n,(0) =0
(41)
B, RGERFHE T RN -
det( M(w) +N(o) Ty () WP(w)T,(w)] =0
(42)
A1 ; K FLRFEAEL, UG R ARSI 78
1](92,0)/-) =
expl @ (w,)x]n, (), xe[0,x))
exp[¢(wj>(&_kl)JTL<wj)nL<wj), velx 5]
expl @ (0,) (x-%,) | W) T, (0,)n,(0;), xe(5,,1]
(43)

4 EHIoH

DL I BABE ik 40 K 45 ( Single-Walled Carbon
NanoTubes , SWCNT) iy 73 47 %f 42, Fi ¥ 14 A% 284 Ji
Kelvin-Voigt #8434 A 7] 01 FL A5 144 T i oK 4
BT SE R AE S B B BRIV W 5 % Bk 40
KA A AR R 00 o 15 Pl B i) 32 Sk
AZHC U SWONT [ %40k 4% r = 0. 55nm,
SERBEIE S, =0. 342nm , K JF L = 11nm, 1 [UHE &
E =1TPa, [J{ i % i p = 2. 24g/cem’, AF R 2 4K
ael0, 0.2], Z M EM R Kelvin-Voigt 7 7,
[0, 107" ] JLJENIE RS k" [0, 3%x10°], K
FET T B IR RGN THFERE R, B PEFE &R
ﬁfo ={, =0,

RN NEPIR S U IR J/ich e S L é
ARG Bk 20 oK A8 00 A D B A AR, SR
TEM 545 31 1) T 58 i SCHE R 53 B 90 K 8 1Y
[E] A A3 SCHR [ 32 ] AR G5 SR AW 5, i T
B R SEE R . RGN ] 23 vl 40, & B



- 146 - EZ VIS AN 4

537 &

[ A B AR A R 1 S M ] SR A 5230 S i
W J3E SRR Ui o AR ) 3 B, Bk T 242
FeRAL B LIS = Iy [ A SRR At 0 A A
AW A AR 8 AR R S R o B3 KT

WS, 25 FERRIES R 7, J5 R G A AR
LT REFR , ELARXT CRL R AR 5, B I RE i S 4%
JE A5 B AT AR G R TR 7 B i S 4%

RN T XA SR BAR MR T 0T

&1 ARBREZFHTAE o HEHHFE L

Tab.1 Comparison of the natural frequencies of the nano-beam with different boundary conditions and «
TOHER ST TR BR AR A [ 47 4315/ GHz AL SR T RN KA [ A R/ GHz
o (r,=0) (k* =3x10°,7,=10"")
I
a=0 a=0.1 a=0.2 a=0 a=0.1 a=0.2
39.796 6 39.969 4 40.514 1 95.8 +0.5i1 95.9 +0.5i 96.1+0.5i
249.401 1 234.065 6 198.937 1 263.5 +19.5i1 249.2 +17.2i 216.8 +12.41
sy
698.330 3 577.974 5 416.674 7 686.9 +153.2i  575.0 +104.9i 422.2 +54.51
1368.448 7 969.893 4 613.410 2 1238.6 +588.31  927.9+295.51  608.2 +118.2i
111.71 106. 58 94.589 141.6 +3.9i 137.6 +3.6i 128.6 +2.8i
446. 84 378.36 278.24 450.9 +62.7i 385.7 +45.0i 290.6 +24.3i
o
fii] 3
1005. 4 731.65 471.18 957.9 +317.61  717.4 +168.2i 474.1 +69.71
1787.4 1113.0 660.79 1481.6 +1003.61 1046.3 +389.1i  652.2 +137.2i
253.2 239.0 206.9 265.1+21.2i 239.7 +17.3i1 192.8 +11.2i
698. 1 577.1 411.8 715.1 +160.7i 567.8 +99.4i 390.9 +46.4i
53
1368.5 970.2 617.2 1297.3 +617.71  925.4 +279.61  585.3 +105.8i
2262. 1 1373.5 810.8 1576.5 +1611.71 1250.8 +562.91  769.4 +187.7i

A RS T IER B S o MR L
Re,/Re, S Im,/Re, B 500 H £ i 3 F o, Hoep
Re, FlTm, 43 B4 i B [ A 4925 14 S 3 R 48
Re o 9 T 53 W7 280 R W) HE (LA (565 ¢ 9 6] A 4925
SEHS, BN 3 (a) FIE 3 (b) AT LI Y, B R
(C—F) [ —Br A SRR o AR/, UK
- Wi (S - S) (S - Wi (C - S) K i
[ (C - C) I — B [ A 353 I B o B394 K T ik
JIN LI /IN B B0 v 18, B[] A 91 0 o B
SR BE I 31 S 3 0 O A R T G KL X% LG
3(c)FIE3(d), W A SRTES D REMET
HAG AR, EL o 105 W05 o I35 A5 400 vk
I3 , A0 A WL 5 B 0 oK 45 5 A 3
RApHTF B (29) MI75

1 4 85 H T A KA A I A 5% Rl s i
FAPES R, SRR . R I, %
AT R Y 18145 990 25 i o 7, R R e
K, 5 A AR AR T 2 2K (29) 1 Bk =
(B (2 +2a°8) I 7,i A—B. [RINTTLLE H,
BRANK A AE IR RT3 S — S R S S
52 7, HOSEIRIRLE MRV | BIVAS 97 [5] A 451 2% 1

Xt 7, 0 TR I i S 3 e M R A 4R R T R
X AR FRIRA(29) [ SLHRBEAT 70T, A2 BE
B VFEAE T ARSI [E] 7, R T A 530 48 S R 14 5
MAAR /N

BRI EE A B k™ Xl 20 KA IS A 5 251 A A5
FE LA S Frs . /MR A SR AEA R
WA ZEAE R BRI RE 20 k™ B3R 2 Ok, HL
P 3 [ S TR0 DR EAR /N T 8 R AR A ) A 1
K WIEE BRI O HERE 3 x 107 B, — B A
PRSI T AL 1. 4 7%, RV AE X k™ (952
Wi S5 P i 0 5 2 12 M B PR B R T a2 s/ - )
If Al LAZE Y BRI & ™ X 8 990 25 1) 2 i B
RISl ) o 38 ik A 2 8T A 90 R igp A ik
2(29) B REFR R A, 4% 31 5 25 1F R B 90 oK A8 [ A
PR R AN 52 HE TR I AR B k™ YRS

Kl 6 2t TR Lo Xt #5 i AR 1F TS
I ] A5 A A ST IR 52 e 2, L PP R IR 4 E
S by =%, =%y, HIER A T RREAIKAT 1 s
Ab LB (2, +2,)/2 =172, N 6 (a) ATLLE H,
BN A B R BRI R [, 5
M £ R, MAJGHE IR S A 31 4 R IR SCHE N3 K 173



SRS , 55 - FH SRR E R 1 BE RGN 1 30 1 22 e - 147 -

(a) —Brai

(a) Real part of the first natural frequencies

0.1

0.08F 7w

B bbby bty
o1 FE00b6-90-6. 0404

0 0.05 0.1 0.15 0.2
a

(b) —Bir kB

(b) Imaginary part of the first natural frequencies

Re,/Re,,

(¢) R

(¢) Real part of the second natural frequencies

03 T T T
—6—C-F
025 X e R
Pty e
0.2 % e
_ L . w—C=C
S b W
o | ey R
& 015 oo A
g iz X4
01f ooy Py ]
: *-
M@%y
005}
0 0.05 0.1 015 02

a
(d) B kB
(d) Imaginary part of the second natural frequencies
3 RIS 20 AT A [ A AR
BEAEJR RS EL o I AT DL
Fig.3 Variation of the first two complex natural

frequencies with « in different boundary conditions

0.1 T T
—o— C-F
—¢— S-S
s C=8S E A
Ceosp TITETE e
o . e
& &/ﬁ)"':*.**'*' ) o000
o 258 ek G-
£ s = —'~§'W§'§§$@W q
-0.05 . . \ .
0 0.2 0.4 0.6 0.8 1
- /s X104
A 2
(a) —Bi Mg A8
(a) Imaginary part of the first natural frequencies
0.25 T T T
02 —©—C-

7,/ns X104

(b) B e HE

(b) Tmaginary part of the second natural frequencies
K4 AR ZEAE T AP T A [ A A5
BEFA St ) 7, BRSO
Fig.4 Variation of the first two complex natural

frequencies with 7, in different boundary conditions

3

2.6

Re /Re

0 0.5 1 1.5 2 2:5 3

(a) —Brai

(a) Real part of the first natural frequencies

12

0 0.5 1 1:5 2 2:5 3
#/ns? X108

(b) Z—Braci

(b) Real part of the second natural frequencies

IR NCBIR S S AR SR RS
B LIS R Bk ™ 22 AR DL
Fig.5 Variation of the first two complex natural

frequencies with £ in different boundary conditions



- 148 - B BE K 2= 2 i

537 &

L5 A Hoftbidn 26 75 R Bl A0 K A5 — B [l A3 A
Wt Ly A3 KA Fir 384 O, L3 R 5 3 2 /), [F)
SR E ARk R BUAARLL, BREAR AR L 1
TR RE B 100 5 32 F2 W B2 PR H R T T el s o B
R L% g [ A 00R ST AT A RL R Wi {ELASH U
LI B H B T A R S AE [ e (0.4,
0. 8) X[E] I AL ALAR /N T3 hadad 73 i, B iR
Lo X 2% i 81 A 91 3 R AR B2 MAAR DN, R A AR

3
—6— C-F
25 —¢— S-S
sedpens (8
5 - C=C
Y 2
&
(]
I~
15 5
e a0t
iy G B OET  w wls oo i o g
0 0.2 04 0.6 0.8 1
I

(a) —Biraki

(a) Real part of the first natural frequencies

1.2

(b) B

(b) Real part of the second natural frequencies

K6 AR AT Hi P A A H R
BEFEIR L L, AR B
Fig.6  Variation of the first two complex natural

frequencies with [, in different boundary conditions
5 #ig

R R P SR 7. 1 A7 LS B 9 KA TR 2
SEPEIEIR LB 2 U B R o il 5 | AR
JRyERERE ) S Maxwell 25 PRI | T B2 AR K 19
HNBEJE R R ok i P RE IR, S TR KA
2 A3 5 o M 0 BRCBE B R B ) O AR BT
Kelvin-Voigt s PERR 714 E 01 4505 T 43 i
T RRANKAS [ J01 24 1) — FBORS W8 Ak b 28, 920
PHE T2 M ILENE L. S0 HT W, DO i S HE
A/ TG BH e 1 22 L JRy FR R L 5% e AR ey B IR S 4%
S T A )RR R O

A A% 18 RO IR 2 T — O 2R T ik
ZNARAE BOPR B T RE R B PAAR o LLE BRBERR 2y

KA B, AFE) T AR A4 SWCNT 11
L ER R e o8 T R Vi P S = (SRS 2
FhoR S A LR NI B R K B A5 R e R R 1 B0
S, HEZL5RE .

1) TCHRE L HE YR E B A MRS EH
SCHR P25 W& B UE T BT AR A KR i
ERTE;

2) AE SR EB S o Ko 145 45 6 1) S8 1 R
A 55 R R, L5 i A R e 400 K 30 L 3
)R SRl SR NIz NS

3) ANl BS54 45 [ A 40056 523 2
YORAF ARSI (8] 7, 5 AR /N, 7 R SR Bl 7, 1Y)
BT R LR

4) FE RS W B R K B X6 45 I 1 5 431 2% 1 35 5
M 5 AR /0N 17T ST 3508 D o =2 34 A i K Tt 35 S 1)
R TR B 114 5 W R 2 0 2 7 U 348 v Tl ) o

S 2 3R ( References)

[1]  lijima S. Helical microtubules of graphitic carbon [ J ].
Nature, 1991, 354 56 - 58.

[2]  Chang T P. Thermal-mechanical vibration and instability of a
fluid-conveying single-walled carbon nanotube embedded in an
elastic medium based on mnonlocal elasticity theory [ J ].
Applied Mathematical Modelling, 2012, 36 (5): 1964 -
1973.

[3] Chung D S, Lee S H, Choi H W, et al. Carbon nanotube
electron emitters with a gated structure using backside
exposure processes [ J ]. Applied Physics Letters, 2002,
80(21) : 4045 —4047.

[4]  Tans S J, Verschueren A R M, Dekker C. Room-temperature
transistor based on a single carbon nanotube [ J]. Nature,
1998, 393 49 -52.

[5] Calvert P. Nanotube composites; a recipe for strength [ J].
Nature, 1999, 399: 210 -211.

[6]  Young C C, Young M S, Dong J B, et al. Patterned growth
and field emission properties of vertically aligned carbon
nanotubes [ J ]. Diamond and Related Materials, 2001,
10(8) :1457 - 1464.

[7] Ko YK, GengJ X, Jang S G, et al. Enhanced field emission
of an electric field assisted single-walled carbon nanotube
assembly in colloid interstices[ J]. Carbon, 2009, 47(6) .
1555 - 1560.

[8] Lee T W, Jeong Y G. Enhanced electrical conductivity,
mechanical modulus, and thermal stability of immiscible
polylactide/polypropylene blends by the selective localization
of multi-walled carbon nanotubes [ J]. Composites Science
and Technology, 2014, 103 .78 —84.

[9] Fang B, Zhen Y X, Zhang C P, et al. Nonlinear vibration
analysis of double-walled carbon nanotubes based on nonlocal
elasticity theory[ J]. Applied Mathematical Modelling, 2013,
37(3): 1096 - 1107.

[10] Fotouhi M M, Firouz-Abadi R D, Haddadpour H. Free
vibration analysis of nanocones embedded in an elastic
medium using a nonlocal continuum shell model [ J ].
International Journal of Engineering Science, 2013, 64, 14 -22.

[11] Kiani K. Vibration analysis of elastically restrained double-

walled carbon nanotubes on elastic foundation subjected to



56 ]

SRS , 55 - FH SRR E R 1 BE RGN 1 30 1 22 e - 149 -

[12]

[17]

[18]

[19]

[20]

[21]

axial load using nonlocal shear deformable beam theories[ J].

International Journal of Mechanical Sciences, 2013, 68 16 —
34.

Li X F, Wang B L, Mai Y W. Effects of a surrounding elastic
medium on flexural waves propagating in carbon nanotubes via
nonlocal elasticity [ J ]. Journal of Applied Physics, 2008,
103(7) :074309.

WuJ X, Li X F, Tang G J. Bending wave propagation of
carbon nanotubes in a bi-parameter elastic matrix[ J]. Physica
B: Condensed Matter, 2012, 407 (4) :684 —688.

Cooper C A, Young R J, Halsall M. Investigation into the
deformation of carbon nanotubes and their composites through
the use of Raman spectroscopy [ J]. Composites Part A
Applied Science and Manufacturing, 2001, 32(3/4) .401 -
411.

Young R J, Kinloch I A, Gong L, et al. The mechanics of
graphene nanocomposites: a review [ J ]. Composites Science
and Technology, 2012, 72(12) . 1459 - 1476.

Raju A P A, Lewis A, Derby B, et al. Wide-area strain
sensors based upon graphene-polymer composite coatings
probed by Raman spectroscopy [ J ]. Advanced Functional
Materials, 2014, 24(19) ; 2865 -2874.

RFR. FET AFM [ —ZEQURBERHR I K 7 25 R il
ARID]. K KERF, 2011,

WU Sen. Manipulation and force measurement technology of
one-dimensional nanomaterials using atomic force microscopy
(AFM)[D]. Tianjin: Tianjing University, 2011. (in Chinese)

Yankelevsky D Z, Eisenberger M. Analysis of a beam column
on elastic foundation [ J]. Computers & Structures, 1989,
23(3): 351 -356.

Thambiratnam D, Zhuge Y. Free vibration analysis of beams
on elastic foundation [ J]. Computers & Structures, 1996,
60(6): 971 -980.

Sun L. A closed form solution of a Bernoulli-Euler beam on a
viscoelastic foundation under harmonic line loads[ J]. Journal
of Sound and Vibration, 2001, 242(4) . 619 —627.

Lei Y J, Friswell M I, Adhikari S. Finite element analysis of
beams with nonlocal foundation [ C ]//Proceedings of 47th
AIAA/ASME/ASCE/ ASC Structures, Structural Dynamic,
and Materials Confere, Newport, Rhode Island, ATAA 2006 —
1742, 2006 1 -11.

[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

[33]

Kim S M. Vibration and stability of axial loaded beams on
elastic foundation under moving harmonic loads [ J ].
Engineering Structures, 2004, 26(1) : 95 - 105.

Cigeroglu E, Samandari H. Nonlinear free vibrations of
curved double walled carbon nanotubes using differential
quadrature method[ J]. Physica E: Low-dimensional Systems
and Nanostructures, 2014, 64 .95 - 105.

A C.
International Journal of Engineering Science, 1972, 10(1):
1 -16.

Eringen A C, Edelen D G B. On nonlocal elasticity [ J].
International Journal of Engineering Science, 1972,10(3):
233 -248.

Roostai H, Haghpanahi M. Vibration of nanobeams of

Eringen Nonlocal polar elastic continua [ J ].

different boundary conditions with multiple cracks based on
nonlocal elasticity theory [ J ]. Applied
Modelling, 2014, 38(3): 1159 - 1169.

Arani A G, Kolahchi R, Maraghi Z K. Nonlinear vibration
and instability of embedded double-walled boron nitride

Mathematical

nanotubes based on mnonlocal cylindrical shell theory [ J].
Applied Mathematical Modelling, 2013, 37(14/15) . 7685 —
7707.

Eringen A C. Nonlocal continuum field theories [ M]. New
York, USA . Springer, 2002.

Eringen A C. On differential equations of nonlocal elasticity
and solutions of screw dislocation and surface waves [ J].
Journal of Applied Physics, 1983, 54(9) :4703 -4710.

Lei Y, Adhikari S, Friswell M 1.

Kelvin-Voigt viscoelastic damped Timoshenko beams [ J ].

Vibration of nonlocal

International Journal of Engineering Science, 2013, 66 - 67 ;
1-13.

Lei Y, Murmu T, Adhikari A, et al. Dynamic characteristics
of damped viscoelastic nonlocal Euler-Bernoulli beams [ J].
European Journal of Mechanics A/Solids, 2013, 42,125 -
136.

Lu P, Lee HP, Lu C, et al. Dynamic properties of flexural
beams using a mnonlocal elasticity model [ J ]. Journal of
Applied Physics, 2006, 99:1 -9.

Yang B, Tan C A.
distributed parameter systems [ J ].
Mechanics, 1992, 59(4) . 1009 - 1014.

Tranfer functions of one-dimensional

Journal of Applied



