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Free vibration of cylindrical functionally graded tubes on bi-parameter
foundation based on a higher-order beam theory
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Abstract; Based on the theory of high-order shear deformation beam, the governing equations for the free vibration behavior of Winkler-
Pasternak elastic foundation radial function gradient hollow cylindrical pipe were derived. This method does not require the introduction of shear
correction coefficient and automatically satisfies the free boundary condition of shear stress on the inner and outer surfaces of the hollow cylindrical
pipe. By introducing auxiliary functions, the coupled equations for deflection and angle were transformed into a single high-order differential
equation. The frequency and mode shapes of the function gradient hollow cylindrical pipe under typical boundary conditions were given. The
calculation results were compared with the results in the existing literature to verify the accuracy of the proposed theory. It can provide higher
precision one-dimensional elastic theoretical solutions for the common Winkler-Pasternak elastic beam structures in engineering. Research results
show that the gradient parameter and elastic foundation stiffness coefficient of the function gradient material have a significant impact on the natural
frequency value. Compared with the high-order natural frequency, the stiffness coefficient has a more significant impact on the low-order natural
frequency.

Keywords: free vibration; functionally graded material; hollow cylindrical tube; Winkler-Pasternak elastic foundation; higher-order shear

deformation beam theory

IR RAE R Z B Z A F R TR RSO RAEAE AT LR B s 8, [BIALAE 12247
RIEHEBREMM . SRORBIERMIL, R MBS RS A5 T — R T = e A

i B EA 2022 - 08 -25

EEWE :  HEARPERES I R BWH (12072374) ;B4 B ARFEREREDFST R BE BT H (2023 - JC - QN -0010)

FE—1EE  D4EJ1(1992—) , 5 BEP G, B, 1 1, WA 30, E-mail : mawilling@ 163. com

BIEIER 20 (1964—) , 5 1RGN, 2082, 14, 1 o2 30, E-mail ; xfli@ csu. edu. cn

SIAME: gl s, R, RN, 5. N SBIEIE S RERE B IRALE B R ARSI S B RS [T ], BRI RH R AR, 2024,
46(4) . 86 -95.

Citation:MA W L, CULH R, SHEN L L, et al. Free vibration of cylindrical functionally graded tubes on bi-parameter foundation based on
a higher-order beam theory[ J]. Journal of National University of Defense Technology, 2024, 46(4) ; 86 -95.



4

LhHETy 25 USROS D) RERE I AR A el Ak sl A o B S BRI A - 87

VX 2% B) AL B A TSR A, ARG S A R O, IX P50k
KR AR s A 2 Y R T — 4
PERLR ISR AR, X Ry As /b T ROR &

e B BT U1 AR I B B (TRTAR e P 2R BRI ) B
FLH Levinson 4R . KHLE[H I 18 3T U1 A5 T
HFE G, HICA UME E R 8 BB, =
RGO ARG ST FE A . Reddy 261 42
HE 03 T B S 2 AR Y i B R e, U R 2
WFFE RSN . Huang 255 V4 o B 2 383 1438
et G2 WA T A6 T 4R B 8 B I R 4, M
i — 0 HY e 2 IR S O A

THRERE BEAT Rl — PP AR S S AR, A
53 R ARG S50 00 & % S8 Ak, PR B A p B )
J1EVERE S RIRHIE N B2 6 XTI
READ B2 TR 45 48, A RL T % A B8 115 il 1) B A28 ) 28
££"' . 7£ Euler-Bernoulli F1 Timoshenko Y2 FH I 1Y
SRl b LiT SR T — RS0 T Rl 1 2 i A
PRI k. ML R T — Rl AT
RERR R SR S 1A A N BORSAR e BO 5 . ot
A LT = 0 ) A8 I M3 I 5% 5 ) 2
FERCHIE , S0 AT 1 A7 250 14 5 T REA 5 A A4 Ji it
MM, O KT RS BB R M4ty
AT R R R T H B2 B iR s F i
S, O TR M B TR R A A B W5
fief WARH .

A S B TP Y ) 24T D LA P ik
(R LA 3l BEASE B AT . Winkler #5273 | 58 1 4
SRy AR B WS HE RIS, WS
7Y 9, 9% FR & Winkler-Pasternak 5 %Y, 75 iR T
Winkler iy BERRLANBE S bt 5 ) 3 HILAY SR BE , 205
A0b N P L S I S i A R AL A B
R, SO B OR AU Merchant F598 fif
81 A AN 5 BRI [ VR A I e R, e RS
SN T AL D ER R, =25
Winkler-Pasternak Zfii 1 5E 22 £L D BEA HE )
SRVER R E R T 1) B IR SRR, T AR
HH R, TR I AT & T AR B 2, R
B B I3 P60 A i 2. 1 X Winkler-
Pasternak i 5k | 5% 25 ¥4 25 4i 20 F1 il ) 20
J& T RGN . BB, T L A D BE
b 230 [BIAE A IR B A T R RIS i R

AR SCHE T B R B, B RS O A
REAR 20 AL B B IR 3 R, a5l
R R R o8 B, S O T R A A AR S
P O o A5 Bl Bl R R, 15 B B — 4R R )
TRt gathh 7 RN RO MR T R, 1

W TR M EE R BRI AR L 55 S BROR) [ A A
R o

1 EigARES

ZRIENSH MR Z FERKEN LN
ANEAE G35 A R R R, B REE PR TS 1] 6 B 43
Fiflzs O AR, tnE 1 Bs , M 2R 250, Q &
TN 1, q FEnHE n) B AR T

IINNENEEERANENRRNNNANERINEEED
2R1

y

K1 Winkler-Pasternak BiPEREDIRERS L FIAEE 7R E
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Tab.3  The first six dimensionless frequencies of simply supported-simply supported gradient cylindrical tubes for different £,
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0® 9.140 5 30.584 5 56. 666 4 84.033 3 111.573 3 138.956 1
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1 9.194 3 30.600 1 56.674 9 84.039 0 111.577 6 138.959 6
10 9.665 0 30.740 8 56.750 4 84.090 3 111.616 6 138.991 1
100 13.497 0 32.113 6 57.500 8 84.601 1 112.005 2 139.306 0
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Tab.4  The first six dimensionless frequencies of simply supported-simply supported gradient cylindrical tubes for different k&,
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0 9.194 3 30.600 1 56.674 9 84.039 0 111.577 6 138.959 6
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1 9.709 2 31.2125 57.416 5 84.933 8 112.640 1 140.198 5
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100 32.5102 68.519 7 107.514 9 148.078 8 189.349 4 230.900 0
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Tab.5 The first three dimensionless frequencies (2 and

relative error &, of double simply supported FG

cylindrical tubes for different gradient index N

#1H #2H %39

0 £,/ % 0 £,/ % 0 £,/ %

0 9.712 9 0 31.566 1 0 58.558 0 0
0.1 9.7129 0.18 31.5620 0.01 58.4620 0.16
0.5 9.7466 0.35 31.4452 0.38 58.0038 0.95
1 9.7092 0.04 31.2125 1.12 57.4164 1.95
2 9.5857 1.31 30.7330 2.64 56.4191 3.65
10 8.9731 7.62 28.8815 850 53.1790 9.19
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Tab.6 The dimensionless frequency 2 and the

relative error g, of clamped — clamped gradient cylindrical

tubes for different gradient parameters

#1 B B2 %3 B

Q /% 0 /% 0 &/%

0 177628 0 39.5217 0 647045 0
0.1 17.6583 0.59 39.4015 0.30 64.4631 0.37
0.5 17.6148 0.83 38.9380 1.48 63.5903 1.72
I 17.4420 1.81 38.4379 274 62.7047 3.09
2 17.1387 3.51 37.6844 4.65 61.4330 5.06
10 16.1364 9.16 35.5968 9.93 58.1045 10.20
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Tab.7 The dimensionless frequency (2 and the relative

error g, of clamped - free gradient cylindrical tubes for

different gradient parameters

%1 2 9§53

Q /% Q0  &/% 0 e/%

0 3.452 6 0 18.312 9 0 42.361 3 0
0.1 3.4603 0.22 18.3073 0.03 42.2836 0.18
0.5 3.470 1 0.51 18.2297 0.45 41.9294 1.02
1 3.4593 0.19 18.0871 1.23 41.4891 2.06
2 3.417 1 1.03 17.8018 2.79 40.7543 3.79
10 3.1956 7.44 16.7315 8.64 38.4161 9.31
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